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320 Chapter6 Linear Time History Analysis

RECOMMENDED ADDITIONAL READING

1. A. K. Chopra. Dynamics of Structure—Theory and Applications to Earthquake Engineering, Prentice Hall,
1995. .

2. M. Paz. Structural Dynamics—Theory and Compuwiation (4th edition). Chapman and Hall, 1997.

PROBLEMS

6.1
6.2

6.3
6.4
6.5
6.6
6.7
6.8

6.9
6.10
6.11

6.12

6.13
6.14

6.15

6.16

Repeat Example 1 in Section 6.3 but let the mass at the bottom level be reduced from 2m to m.

Repeat Example 1 in Section 6.3 but let the damping coefficient at the bottom level be reduced from -

2ctoc.

Repeat Example 1 in Section 6.5 but with 71, = 0 and m;, # 0. Condense the problem to have the equa-
tion of motion in terms of x,.

Repeat Example 2 in Section 6.5 but with m, # 0 and m, = 0. Condense the problem to have the equa-
tion of motion in terms of x,.

Repeat Example 3 in"Section 6.5 but with the top mass equal to zero and the bottom mass equal to
2m. Condense the problem to have the equation of motion in terms of x,.

Repeat Example 1 in Section 6.6 but use dynamic. condensation to have the equation of motion in
terms of x;. 2

Repeat Example 2 in Section 6.6 but use dynamic condensation to have the equation of motion in .

terms of x,. . o
Repeat Example 3 in Section 6.6 but use dynamic condensation to have the equation motion in ﬂn!._.m
of x,. : :

Repeat Example 1 in Section 6.7 but with a damping ratio equal to 20%.

Repeat Example 1 in Section 6.7 but with a period of vibration equal to 1.0's.

Repeat Example 2 in Section 6.7 but with a damping matrix equal to two times the &Eﬁwﬁ. matrix
in the example.
Repeat Example 2in S
the example.

Repeat Example 1 in Section 6.8 but use m = 2.0.

Repeat Example 1 in Section 6.8 but use k =2 X 315.84 = 631.68.

Repeat Example 1 in Section 6.8 but with a damping matrix equal to two times the damping matrix
in the example.

Repeat Example 2 in Section 6.8 with Rayleigh damping and a 5% damping ratio in the first two
normal modes.

6.7 but with a stiffness matrix equal to one half the stiffness matrix in

Chapter \N

Nonlinear Time History Analysis

7.1 OVERVIEW

The earthquake response of most buildings and civil engineering structures will induce

" deformations in one or more structural elements that are beyond the yield limit. Therefore,

the structure will respond with a nonlinear relationship between force and deformation.
The mathematical complexity of the solution increases as the response goes from the lin-
ear to the nonlinear domain. However, the computational effort is rewarded with an accu-
rate description of response.

Consider the steel cantilever beam shown in Figure 7.1. Assume that the stress versus
strain curve for the steel is as shown in Figure 7.2. As the concentrated force at the end of
the beam increases in magnitude, the moment at the support of the cantilever increases in
magnitude. The theory of strength of beam materials assumes that the variation of the
strain on any material for any cross-section of the beam will be zero at the neutral axis and
will increase with a linear relationship with the distance from the neutral axis. This is often
called “plane cross-sections remain plane.” Therefore, as the force at the end of the can-
tilever increases, the strain in the steel at the support also increases. Because the steel
stress versus strain curve is a linear function until the strain reaches its yield strain, €,, the
relationship between the force and the deflection at the end of the cantilever is a linear
function. Figure 7.3 shows a plot of the force versus vertical deflection at the end of the

I

Figure 7.1 Steel Cantilever Beam

4 Stress

Strain  Figure 7.2 Stress versus Strain
Relationship
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ky
ky

Ay

C Figure 7.3 Applied Force versus
Vertical Deflection

cantilever. The portion of the curve between O and A is the linear portion of the curve. If
the force is less than F,, where F, is called the yield force, then the strain in the steel will
be less than the yield strain, €,, and the moment will be less than the yield moment of the
cross-section, M,. The yield moment, M,, is the moment that needs to be applied to the
beam cross-section to produce a strain in a steel fiber farthest from the neutral axis equal
to the yield strain. Therefore, if the force is less than the yield force or, altemately, the
deflection of the end of the cantilever is less than the yield deflection, A,, then the response
of the structure is in the linear response domain.

Now consider the situation where the force exceeds F, and therefore the strain in the
steel exceeds €,. The moment that the force induces on the cross-section will increase and .

the deflection will increase along a path from A to B. The force versus deflection rela-
tionship will not follow the stiffness k; but will now have a stiffness equal to k,. If the force
is reduced before the steel is fractured, then the force versus deflection path will be from
B to C. The stiffness can now be imagined to be equal to k,. The path will then proceed
along the trail Cto D, Dto E, and E to F.

The response of this system is called nonlinear because the stiffness does not remain
equal to k, for all amplitudes of response. There are two key elements of a nonlinear sys-
tem:

1. The envelope curve or backbone curve: This is the O-A-F curve.

2. The hysteresis relationship: This is the law describing how the system unloads
and reloads below the backbone curve. This is the B to C and D to E path. *

The description of these two key elements is a function of the structural material (e.g.,
steel, concrete, etc.) and the nature of the redundancy of the indeterminate structure,

Consider the SDOF nonlinear structural system shown in Figure 7.4. Assume that the
stiffness and mass for the structure are k, = 631.65 k/in. and m = 1.0 k-s*/in, If the struc-
ture displaces to the right 1.0 in., that is, x(f) = 1.0 in., it contacts a spring of stiffness &,.
The stiffness of the spring is k; = 355.31 kfin. The natural frequency and period of vibra-
tion for displacements x(z) < 1.0 in. are

®, = [k, /m = [631.65/1.0 = 25.13 rad/s 7.1

T, =2n/w,=21/25.13=025s. 71.2)
For displacements x(¢) > 1.0 in., the natural frequency and period of vibration are

7.1 Overiiew 323

Gap = 1 inch

Figure 7.4 SDOF Frame with Gap to
Leces Lateral Support

@, = [(k, + k)/m = \[(631.65+355.31)/1.0 =31.42 rad/s (7.3)

T, =2n/w, = 21/31.42=0.20 5. (7.4)

The critical damping ratio in the system is assumed to be 5% for all response amplitudes.
Then the damped natural frequency of vibration is

(25.13)41-(0.05)* _ [25.10 rad/s  x(r)<1.0 in.

(31.42),/1 - (0.05)2 3138 rad/s x(#)>1.0 in.

If the system is released from rest at a displacement of 5 in. to the left, then the initial

0, =w0,1-§ = (1.5)

conditions are

x(t=0)=-50in, i(t=0)=0.0in/s. (1.6)

The free vibration response of an SDOF system was discussed in Section 2.2, where the
equations for the displacement and velocity of the system are given in Eq. 2.21 and 2.22:

Lo, x, +x,

x(t)= eS| x_ cosw,t+ sinwyt | = e [-5.0c0s25.10f ~ 0.255in 25.10¢] (7.7
0 COS @y ﬁﬂww ; [ 1 0.7

(r) = et | % Swsauﬁﬁnhwms @t | =125.8¢71%% 5in 25.101. (1.8)

Free vibration as defined by Eqs. 7.7 and 7.8 will occur until the gap is closed. The dis-
placement at the gap closure is x(¢) = 1.0 in. Therefore, using Eq. 7.7, this instant in time,
denoted by ¢, is

€™ 7[-5.0c0s25.10¢, — 0.255in 25.101, ] = 1.0 in. (7.9)
Solving for ¢, in ,mn_‘ 7.9 gives
1, =0.07337 s. (7.10)
The velocity of the system at this time is
(e =1,) = 125.8¢"125709) i1 25 10(0.07337) = 110.5 in./s. 7.11)

The response of the system for time ¢ > £, will be governed by a free vibration equation,
and the SDOF system will now have a stiffness equal to k, + k,. The initial conditions that
produce the response from ¢ = ¢, until the system responds at displacements greater than
x(#) = 1.0 in., comes to a stop, and then returns to x(¢) = 1.0 in. are

x(r=1=0.07337)=1.0in.,, X(t=r =0.07337)=110.5 in./s. (7.12)

The free vibration equations for the displacement and velocity of the SDOF mumﬁ_B in this
time domain are .
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Stiffness Force c
-~
ket .«n_
B
ke 5 i
- Figure 7.5 Bilinear Stiffness
OWQ\ 1.0 Displacement x(f)  Force
A

x(f) = e~15T-0973N 0531 .38(¢ — 0.07337) + 3.571sin 31.38(¢ — 0.07337)] (7.13)
#(t) = e STI-00IN[110,5 cos 31.38(¢ — 0.07337) - 36.995in 31.38(1 — 0.07337)]. (7.14)
The SDOF system will go out of contact with the spring k, when ..mS returns to and
becomes less than x(f) = 1.0 in. This time, denoted by #,, is obtained using Eq. 7.13, that
is, ;
e~ 1571E=00T 005 31.38(z, — 0.07337) + 3.571sin 31.38(,, —0.07337)] = 1.0.  (7.15)
Solving Eq. 7.15 gives
1, =0.15487 s. (1.16)
The velocity of the-system at this time is computed using Eq. 7.14, and it is .
x(ty) =-101.8 in./s. (1.17)

The SDOF system response after ¢ = £, returns to a system with a mnm?omm,nm:m_ to k,.
Again, the SDOF free vibration equations given in Eqgs. 7.7 and 7.8 are _._mnaA ﬁ‘n&ﬂﬁmﬂ.o
the response with a time lag 1, like the time lag ¢, in Egs. 7.13 and 7.14. The initial condi-
tions for this phase of the response, which starts at f = 1,, are

x(t=t,=0.15487)=1.0 in., k(¢ =1, =0.15487)=~-101.8 in./s. _ (7.18)
Figure 7.5 shows the stiffness force versus displacement H_Dmmagv for this nonlinear -
SDOF system.
7.2 SINGLE DEGREE OF FREEDOM RESPONSE Euﬂ.ﬁ%@ZFEM.}N
STIFFNESS v ..\t\.m.@@
Consider the equation of motion for a linear SDOF system, which is
mx(t) +cx(e) + k,x(t) = F.(2) (7.19)

where k. denotes the elastic stiffness for a linear system. At time ¢ = ¢,, Eq. 7.19 can be
written as

mi, +ci, +kx, = F, (7.20)
where, for simplicity, F, = F,, = F,(t =1,). At time 1 = £,,,, it similarly follows that
My, + Cyy + K X = Fy (7.21)

When discretization methods of analysis are used (e.g., constant acceleration :.aﬁmon.
Newmark B-method, etc.), the time variation in the acceleration between mb._o. t, and E.._.—a
1,1 is assumed to be of a specific form, and then the variations of the velocity and dis-
placement between ¢, and 1, follow directly from integration. For example, when constant

acceleration is assumed, the acceleration is assumed to be

7.2 Single Degree of Freedom Resy with Nonli Stiffiess 325

HO)=x1)=%, t.St<y, (7.22)

and it follows from integration that

Xppy = Jy + 3 A (7.23a)
Tpw = X + X A1+ F (AR (7.23b)
In the Newmark B-method, the corresponding equations for ,,, and X;,, are
Fpr = X+ (1= 8)%, A + 8%, Ar (7.24a)
Xt = X + 5 A+ (§ = 0)R, (A1) + oty (A2, (7.24b)

mncnmozq._onovamnuaEamounnnocmmgcﬂmE.Sn&.EhE.Ea:n_EVn m_"an._m_.o_w
expressed as -

FO+F 0+ F () =F() (7.25)
where F;, F,, and F, are the forces associated with the inertia, damping, and stiffness-
related deformations of the system. It is clear that 5

F (1) = mi(r) (7.26)

and therefore the inertia force is a linear function of the acceleration because the mass, m,
does not vary with'time. Similarly, the viscous damping force is a linear function of the

velocity, that is, F,(#) = cx(t). Now consider the force related to the system stiffness. If the -

system is a linear system, then

F (1) =k x(1) (7.27)

and k, is not a function of x(r). Figure 7.6 shows a linear system with a straight line in the
force versus displacement plot. The value of the stiffness for a linear system is

r HTQ:_TQL. (1.28)
Xert — X :

Now imagine that when Eq. 7.28 is solved, £, is not a constant because the force from the
system stiffness is not a linear function of the displacement. A special solution procedure
is required to solve this nonlinear stiffness problem.

Consider Eq. 7.20 but now for a system with nionlinear stiffness. Equation 7.20 can be
written as

mi, +cx, + F,(x,)=F,. (7.29)

£
3

Flteen)

» x(1)

) Th+l

Figure 7.6 Force-Displacement Plot with Secant Stiffness
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Similarly, Eq. 7.21 can be written as

MEy,y + Chyyy + (%) = Fae (7.30)

Subtracting Eq. 7.29 from Eq. 7.30, it follows that
m[E = %)+ c[5en = 1)+ [F ) = ExO) = [F R (7.31)

Define the following terms:

A% =¥y, = %, ; (7.32a)
Ax =Xy, — X, . (7.32b)
AF =F, - F (7.32c)
AF, =F,(xy) — Fi(x,) (7.32d)

where A(-) is the change in the quantity in parenthesis between time f, and time #,.,. It then
follows that

- mA% +cA% + AF, = AF. (71.33)
If the variation in the stiffness-related force between x, and x,,, is assumed to be a linear
function, then

F (%) = F(x) %En%f -i. _s.ua
Xl — X

The secant stiffness is defined to be

k, uT.|_|: e Quwm... S.Q
k+l k a5 &

Therefore, substituting Eq. 7.35 into Eq. 7.33, it follows that
mAx + cAx + k,Ax = AF. (7.36)

Equation 7.36 can be solved exactly if the secant stiffness is known. Unfortunately, this is
not the case because the displacement at time ¢ = f,,, is not known.

The response solution procedure must make an assumption for k,, and one possibility
is that the secant stiffness is equal to the secant stiffness used in the previous time step,
denoted k,. Figure 7.7 shows these two stiffness terms. Therefore, -

ri AEQ a.ﬁ
kT k=l

Because the secant stiffness between x,_, and x, is in general not equal to the secant stiff-
ness between x, and x,.,, there is a force imbalance, or error, as shown in Figure 7.7. Note

F
N 30 Projected Secant
Fi(fes1) = Stiffness
E(t1)
E(1) : ™~ True Secant
’ k Stiffness
* -
Fi(ti1)
Figure 7.7 Force-
»x(f)  Displacement Plot with

Tl *k Firl Secant Stiffness
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that F(#,,) is the correct force and the estimated force is F,(f,,). Substituting Eq. 7.37
into Eq. 7.36, it follows that

mAE + cAx + k,Ax = AF. (7.38)

The constant acceleration method, Newmark B-method, or other numerical solution
methods can be used to solve Eq. 7.36 or 7.38. Consider, for example, the constant accel-
eration method. Recall from Eq. 7.23 that

Ak =X, —X, = At (7.39a)
Ax=xp =X, = H AL+ 5, (AN (7.39b)
Substituting Eq. 7.39 into Eq. 7.36 gives
m AT+ c[EAr)+k [0+ 45 (A1) ] = AF (7.40)
and, finally,
A¥ = hmun h&?& AW?E +13,(Aa02] (7.41)
Using Eqgs. 7.39a, 7.39b, and 7.41, it then follows that
Xp =X HAX, X, =X, +Ax, Xy =X, +AL (7.42)

As the time increment At decreases, the variation in the displacement decreases and the
difference between the true stiffness and the projected stiffness decreases.

Consider now the case where the solution for the response is obtained using the
Newmark B-method. Recall from Eq. 7.24 that

Ak =k, — &, = (1-8)¥,At + 8%, ,Ar (7.43a)
Ax =X,y — X, = XA+ (§ - )i (AD? + ok, (A3, (7.43b)

Substituting Eq. 7.43 into Eq. 7.36, it follows that
mAK + (1~ 8)%, At + 85y, At]+ k[, A + (4 — o), (A)? + 0t (Ar)? |=aF. (1.44)

A comparison of Eq. 7.40-and Eq. 7.44 shows the very significant difference that Eq. 7.40
only contains the mass term with an unknown (i.e., AX). Therefore, Eq. 7.44 must be
developed further before a solution can be obtained. Recall from Eq. 7.32 that

Xy =X, + AXL (7.45)
Substituting Eq. 7.45 into Eq. 7.44 gives
mA% + o1 — 8)¥, At + c8%, At + cBAXAr + k%, At

+hy(§ = o) % (AD? + k0, (A1) + k,0AZ(Ar) = AF. {45)
Collecting similar terms, it follows that
[+ cBAL + k,cu(Ary? |k + (1 - 83, At + 85, Ar]
: N . (7.47
+k, TkE + @ - Q.vh» (An)? + ok, ADQN_ = AF. )
Simplifying Eq. 7.47 gives
[+ cBar + k,oAr)? |a% + ck, At + k[ 2,4t + 4 %, (A1) ] = AF. (7.48)
Solving for AX gives
. AF=cX At =k XA+ %, (A)?
A¥ = k H» .m. am VH_ Hﬂ.h@g

m+cBAL + k,a(Ar)?
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328 Chapter 7 Nonlinear Time History Analysis

Equation 7.49 provides the solution for A%, and using Eq. 7.43 it is possible to calculate
Ax and Ax. Then using Eq. 7.42, the values for x;,, and Xp; can be determined.

Because the value of x,,, has been calculated, it is possible to calculate an improved
estimate of the true secant stiffness. Denote this calculated value of x,,, from the initial
solution as x{!,. It then follows that the secant stiffness obtained using x4, denoted k{Y, is

ko = ﬁmﬁw_wl m@&. 50)
Xl — X .

The initial solution for x,., (i.e., ¥%,) was obtained using for the estimate of the secant
stiffness the value of the secant stiffness from the previous time step (see Eq. 7.37).
Therefore, x4, is not exact. If Eq. 7.50 is used in Egs. 7.44 through 7.49, an improved esti-~
mate will be obtained for x,.,. This represents one iteration of the initial solution. If the
* values for Xy,;, Xy, and X4, obtained from this iteration solution are sufficiently close to
the values obtained in the initial solution, then it is appropriate to move on and calculate
the response at time-step #,,, given the calculated response at time f;,,. However, if the
response from the iteration significantly changes Xi.., Xiey, OF ¥, then either a smaller

time increment should be used or a second iteration should be performed using x{Z and

@) _
Xt — *

k® _uﬁ..rL.,L::QmJ..mﬁ @. . . asy

Note that any error in the calculated values of X1, ¥4, and ¥,,, will carry forward to the
next time step. .

'Recall from Section 2.6 that the Newmark B-method solution can be represented in a

matrix form (see Eqs. 2.224 through 2.232). A comparison of Eq. 7.49 and Eq. 2.227

shows that the latter is expressed in terms of the SDOF system natural frequency of vibra-

tion ®, and critical damping ratio {. In a nonlinear system, k is not constant and therefore -

®, =+/k / m is not a constant. However, if k, and c are used instead of @, and {, then the
solution can again be represented in a matrix form. First, let

B = m+cBAr + k ou(Ar)?. (7.52)
Then Eq. 7.49 becomes

%E%-?&?@EERVH w& 0%

B B B
Note that Eq. 7.53 is the same as Eq. 7.41 when & = 0 and o = 0. The acceleration at time .
stepk+ 1is .
’ 2
o = E FAR=E + ﬁwuk.. - Tl» %.‘ u# - ﬁlllwrnb" = uw L2 vm.

(7.54)

H h.bn. I?l»Eu..
(-5 (et
m:vun:.&b_m Eq. 7.54 into Eq. 7.24 gives

S = o+ (1= ) A+ ?:&% - T.mkw& + ﬁ.lil..fllm = &0 uL _

= ﬁmw.mubm. +ﬁw | m_wﬁbcn w# +hwE ... nmﬁEvml .:hmﬁb&u wmn

(7.55a)
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Ky = Xy + X AL+ H.w = Evmw (an)? + Qﬁbcn_HWqu | ﬁgu# + ﬁEgh@

] p p
(71°55b)
i h&wa u - AET \w&Eu _» A%&% éga%u —  ko(Any* ua. ’
Therefore, representing Eqs. 7.54 and 7.55 in matrix form, it follows that
Kiwt X
g = B & p +HPAF (7.56)
\.....“»__._ m___
where
) B BAr—ka(An)?  1P(AN? —co(Ar)® - Lk o(An?
Fm HW 0 P-38k(An? BAt — cB(Ar)? Iwﬁmﬁnuu
0 =k At B-cAr |+»....._ADC~
i c(A)? (7.57)
H{ =={ dar
B 1
and the superscript (1) denotes nonlinear time history analysis. Let
s Xy
q =9%;
X,

Then Eq. 7.56 becomes
g, =F"q, + Eﬂvbm_ =F\"q, +HY'F,,, -HYF,. (7.58)

mxwaﬁm 3 in Section 2.6 showed that if the SDOF was excited by an earthquake
ground motion, then Eq. 7.58 was still valid with the H{ matrix and AF changed to H{j®?

and Aa, where
a(An?
(nEQ) _ _[ M
Hy™ = h w A1 . (7.59)
B 1
Thus Eq. 7.58 becomes :
A = F{Pq, + H{®a,,, - H{Pq,. (7.60)

. One important note to Egs. 7.58 and 7.60 is that the forcing function at time step &
(i.e., F, or a;) appears in the equation, which is different from Eq. 2.232. This is because
the dynamic-equilibrium equation of motion was used in Section 2.6 at time step & to
replace this forcing function by the displacement, velocity, and acceleration at time step k
(i.e., X, %, and X,). Therefore, the effect of F, or g, in the response is embedded in the F,,
matrix in Section 2.6. In this section, the dynamic equilibrium equation of motion cannot
be used because k, represents the incremental stiffness, which is not the stiffness that goes
through x, from the origin. The result is that the F§’ matrix changes in Egs. 7.58 and 7.60
and that F, or a, appears in the equations.

Equation 7.49 can have a denominator that becomes very small or even zero because
k, can be negative. The denominator will be zero when

m+ cOAL + h«&?un =0 (7.61)
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or dividing Eq. 7.61 by m, it follows that

ﬁ um? + ﬁ A uEEua = G.S,V.

Solving for k,/m in Eq. 7.62 gives

Bl ) om

As in Chapter 2 for an SDOF system, define (¢/m) = 2{,w,, where o, =./k, /m and k, is:

the pre-yield elastic stiffness; then

k 1 5 :
() ) ool 54

As At becomes smaller, it takes a much larger negative k, to produce a denominator that is
zero. If the damping term is assumed to be zero, then a zero denominator exists when

k, 1Y) ;
mﬂu e AQEQN w (7.65)

uw % Free Vibration of an SDOF System with a Stiffening Bilinear Stiffness

Example 1 in Section 7.1 presented the exact solution for the free vibration of an SDOF
system with a bilinear stiffness-related force versus deflection relationship as shown in
Figure 7.5. This type of relationship is called a nonlinear stiffness force versus deflection
relationship because the path on the force versus deflection curve that is followed is “up
and down” the same path. For example, for all deflections less than 1.0 in., that is, x(f) <
1.0 in., the path is along line AB. For all deflections greater than 1.0 in., that is, x(r) > 1.0
in., the path is along line BC.

A Newmark B-method solution for this problem requires that the stiffness and associ-
ated natural frequency of vibration be calculated for each time and then either Eq. 7.49 or
Eq. 7.58 be used to solve for the response. This example considers a solution using Eq. 7.58.

_dun ncﬁgﬁ average acceleration approach to the Newmark B-method is used with
8= E:.._ a=1 +. The initial displacement and velocity are x(0) =-5.0 in. and x(0) = 0.0 in/s.
The mass and critical damping ratio are assumed to be 1.0 k-s%fin. and 5%, respectively.
The initial stiffness is 631.65 k/in., and therefore

w, =k, /m =.[631.65/1.0 = 25.13 rad/s (7.66)
2n 27
T,=—= =0.
o, 2513 Gals (1.6
¢ =2Cw,m=2(0.05)(25.13)(1.0) = 2.513 w.m____w._.. (7.68)

To aid in the selection of At, recall from Section 2.6 that Ar < T,/10 = 0.025 s, and there-
fore Ar = 0.02 s can be used. However, a smaller time step size of At = 0.005 s. is used in
this example because error may be introduced when the response is in the nonlinear
domain and, as in this case, there is an abrupt change in stiffness. It follows from the
derivation of the Newmark B-method and Eq. 7.52 that

B =1+(2.513)(4)(0.005) +(631.65)($)(0.005)* = 1.01023. (7.69)
It then directly follows from Eq. 7.57 that
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1.0 0.004980 0.000012
F{=|0.0 0992184 0.004949 7.70)
0.0 -3.12629 0.979745

At time ¢ = 0, the acceleration response is

mmounthukovihw.uhnSH |hm u_muaov ﬁmu_ mmuﬁ 5.0)=3158.273 in./s2.  (7.71)

At 1= Ar = 0.005 s, it follows from Eq. 7.58 that

x,] [1.0 0.004980 0.000012 -5.0 —4.96092
X p=[00 0992184 0.004949 0 15.63144 3. ©(1.72)
%] [0.0 -3.12629 0.979745](3,158.273 3,094.303

At t = 2Ar = 0.010 s, it follows from Eq. 7.58 that

x,] [1.0 0.004980 0.0000127(—4.96092 —4.84478
X,p=|0.0 0992184 0.004949 | 15.63144 30.82410 . (7.73)
¥y) |00 -3.12629 0.979745]|3,094.303] |2,982.760

[

Calculation continues for several time steps until the displacement response reaches
x(f) = 1.0 in. This happens at time step ¢ = 15A¢ = 0.075 s, where

Xis 0.996092 0.004965 0.000006 |(0.61268 1.16875
X5 p=|—1.56314 0.985965 0.002475[1113.320,=4 109.109 (7.74)
X5 —625.258 =5.61411 -0.01013||-671.81 -1,012.47

When x(f) = 1.0 in., the exact time ¢ is 0.073 s (see Eq. 7.10). A more appropriate method
of handling the change in stiffness within a time step is to calculate the response from
0.070 s to 0.073 s using the initial stiffness &, (see Figure 7.5) and then the response from
0.073 s to 0.075 s using the stiffness k, + k;, where k, = 355.31 k/in. Although this is the
case, approximation using the initial stiffness &, through this time step is taken for sim-
plicity and for illustration purposes. However, this approximation violates the dynamic
equilibrium equation of motion because the stiffness force is not properly adjusted for the
change in stiffness. One way to overcome this problem is to impose the condition of sat-
isfying the dynamic equilibrium equation by updating the acceleration response, that s,

- . F,
x5 = Ihﬂxn.lw&_u l_” ..A_H_GVH_

.3.
| mﬂumuuc%_oe ﬁ&_ﬁ%mwcb:ﬁa_.aw%uu.m_%.amdu_.8“_ﬁ 3

=-1,140.98.

This new value of ¥;s = —1,140.98 in./s* is different from what was originally calculated,
which was —1,012.47 in./s*.

The calculation continues, and at time step ¢ = 15A¢ = 0.075 s, the natural frequency
of vibration and damping becomes

®, =+/(631.65+355.31)/1.0 =31.42 rad/s (1.76)

¢ =2(0.05)(31.42)(1.0) = 3.142 k-s/in. (1.77)
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332 Chapter7 Nonlinear Time History Analysis

Note that in this example, the damping ratio is assumed to be 5%. Therefore, the damping:

value ¢ must be adjusted when the value of the natural frequency of vibration changes. It
follows from the derivation of the Newmark B-method and Eq. 7.52 that

B =1+(3.142)(4)(0.005) + (631.65 + 355.31)(4)(0.005)* = 1.01402. (7.78) -

It then directly follows from Eq. 7.57 that
1.0 0.004970 0.000012

F, =|0.0 0987834 0.004931 a.,.é__

0.0 -4.86656 0.972343
At time step f = 16Ar = 0.080 s, the response is
X6 1.0 0.004970 0.000012 | 1.16875 1.69692
X6 p=[0.0 0987834 0.004931 | 109.109 } =1 102.156 }. (7.80)
¥6) |00 —4.86656 0.972343]|-1140.98) [-1640.41

This calculation ﬂnmmmmm continues, and the displacement and velocity response are shown
in Figures 7.8 and 7.9, respectively. ~
® Contact Starts M Contact Ends

0 c“_ n...m a_u 0.4 0.5
Time (s)

bl
-]

g

]
[
in

Displacement Response (in.)
&

&
k=3

Figure 7.8 Displacement Response
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Figure 7.9 Velocity Response

Assume that the SDOF system has following mass and damping properties:
m=1.0 k-s?/in., {=5%.

Also assume that when the absolute value of the response is less than 1.0 in., then the stiff-
ness is 631.65 k/in. When the absolute value of the response exceeds 1.0 in., the stiffness

7.2 Single Degree of Freedom Response with Nonlinear Stitness 333

of the system decreases to 20% of the initial stiffness. This type of nonlinear nnummouwiv
is like the cantilever beam discussed in Section 7.1 and shown in Figures 7.1 to 7.3. Let
this reduced stiffness be denoted as k,. Therefore,

k =631.65k/in.. k&, =0.2k =126.33k/in, x,=1.0in.

and %
. Jk /m F_m_.cu. 2513 rad/s |x|<1.0 o5
vk /m _k»_v_.o 11.24 rad/s _H»_V_.o
_2n_J025s _a»_m_b
fe= ®, Tua s x/>1.0 (7.82)
¢, =2(0.05)(25.13)(1.0) = 2.513 k-s/in. (1.83)
¢, =2(0.05)(11.24)(1.0) =1.124 k-s/in. 7.89)

Figure 7.10 shows the force versus displacement curve. An example of a structure with
stiffness force versus displacement characteristics shown in this figure is the base isolated
system, which is discussed in Chapter 8.

The time step size should be less than (7,/10), and for this case it follows that Ar <
(T,/10) = 0.025 s. In this example, a time step of 0.005 s is selected for the Newmark -
method of analysis.

Consider the case where the system is initially at an undeformed position (i.e., x, = 0.0)
but with an initial velocity of x,=40.0 in./s. Therefore, the initial acceleration is given by
the dynamic equilibrium equation, where

.. ﬁn ,»_ u.u_u 8_.& ‘
H.r. 1|1 ul]._Ei Hl. .u
ko wha ﬁ uka H 10 VA u ﬁ 0 uaov _couw::\m G__.mE

The response is given in Eq. 7.58, and for the constant average acceleration method (i.e.,
8= ;and o =) it follows that

B=1.0+4(2.513)(0.005) + 4 (631.65)(0.005)> = 1.01023. (7.86)
It then follows from Eq. 7.58 that
Xyt 1.0 0.004980 0.000012](x,
X p=[00 0992184 0.004949 | x, ». (7.87)
Xiy 0.0 -3.12629 0.979745 || %,

Equation q”.m.m represents the response of the structure if the displacement is within the
range DA in Figure 7.10. At t = At = (L.005 s, it follows from Eq. 7.87 that

m:mnnmm Force

F k2

ky k ky

Displacement x(f)

Figure 7.10 Force versus
Displacement Curve
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334 Chapter 7 Nonlinear Time History Analysis

X 1.0 0.004980 0.000012 0.0 0.197975
x+=|0.0 0.992184 0.004949 40.0 =439.18981. (7.88)
X, 0.0 =3.12629 0.979745 ||-100.531 —223.546

At this level of displacement, the stiffness force, denoted as F,, is
F,, = 631.65(0.197975) =125.05 kip. " (7.89)
At t=2Ar=0.010s, it follows from Eq. 7.87 that :

x5 1.0 0.004980 0.000012](0.197975 0.390392
% r=(0.0 0992184 0.004949 |39.18981;=137.77710 (7.90)

X, 0.0 -3.12629 0.979745 |(-223.546) |-341.537
and at this level of displacement, the stiffness force is
F,, =631.65(0.390392) = 246.59 kip. (7.91)

e
This calculation process continues for several time steps until the displacement response
reaches x(¢) = 1.0 in. This happens at time step ¢t = 6Ar = 0.03 s, where ;

Xg 1.0 0.004980 0.000012 |(0.905802 1.048499
X r=[0.0 0.992184 0.004949 |1 30.26189; =126.81715 (7.92)

X 0.0 =3.12629 - 0.979745 || —648.210 —720.688
and at this level of displacement, the stiffness force is
F, 4 =631.65(1.0) +126.33(1.048499 — 1.0) = 637.78 kip. (7.93)

Note that the displacement of 1.0 in. occurs at about 0.029 s, and therefore the stiffness
changes from £, to k; within the time period of 0.025 s to 0.03 s. The more accurate way
of solving this problem is to use k; = 631.65 k/in. for the time period 0.025 s to 0.029 s,
and then use &, = 126.33 k/in. for the time period 0.029 s to 0.030 s, However, this is not
done because Eq. 7.87 must be reformulated using a time step of At = 0.004 s with stiff-
ness k,, and then using a time step of Az = 0.001 s with stiffness k;. The resulting response
obtained in Eq. 7.92 will therefore violate the dynamic equilibrium equation of motion
because the stiffness force is not properly adjusted for the change in stiffness. One way to
overcome this problem is to impose the condition of satisfying the dynamic equilibrium
equation by updating the acceleration response, that is,

{22

m m

1.124 631.65 126.33 (7.94)
= —— |(26. - ] 1.048499 —1.0
"5 usmm:_a ﬁ - uc 8+ﬁ = uﬁ 048 L
=-667.923.

This new value of ¥, = —667.923 in./s? is different from what was originally calcu-
lated, which was —729.688 in./s% o

The calculation continues, and the displacement response of the structure follows the
path AB in Figure 7.10. At time step ¢ = 6A¢ = 0.03 s, the natural frequency of vibration of
®, = 11.22 rad/s and damping of ¢ = 1.124 k-s/in: It follows from the derivation of the
Newmark (-method and Eq..7.58 that :

B =1+(1.124)(+)(0.005) + (126.33)(4)(0.005)* =1.00360. (7.95)
It then follows from Eq. 7.57 that .

A
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1.0 0.004996 0.000012
F? =|0.0 0.998427 0.004982 |, (7.96)
0.0 -0.62939 0.992827

At time step t = TAt = 0.035 s, the response is

X5 1.0 0.004996 0.0000127(1.048499 1.174160
Xy 0=10.0 0.998427 0.004982 [{26.81715}=123.44731 (7.97)

X, 0.0 -0.62939 0.992827 ||-667.923 —680.011
and at this level of displacement, the stiffness force is
. F,; =631.65(1.0)+126.33(1.174160 - 1.0) = 653.66 kip. (7.98)

This calculation process continues until ¢ = 14Ar = 0.07 s, when the response is

X4 1.0 0.004996 0.0000127](1.564722 1.568247
X4 p=|0.0 0998427 0.004982 |12.464924 =4 —-1.05513 (7.99)

E 0.0 -0.62939 0.992827 ||-705.767 —-702.256
and at this level of displacement, the stiffness force is
F, 14 = 631.65(1.0) +126.33(1.568247 — 1.0) = 703.43 kip. (7.100)

At this time, the velocity response becomes a negative number, which means that a maxi-
mum displacement has been reached and the displacement at the next time step will be less
than 1.568247 in. The system will now be in an unloading process, and the displacement
response of the structure will follow the path BC in Figure 7.10. The stiffness for this path
is k) = 631.65 k/in. It follows that at 1 = 15A¢ = 0.075 s, the response is

X5 1.0 0.004980 0.0000121(1.568247 1.554341
X5 p=[0.0 0.992184 0.004949 |1 —1.05513} ={—4.50722}. (7.101)
Xis 0.0 -—3.12629 0.979745 || -702.256 -681.687

At this level of n_.umm._mnaam.nr the unloading process occurs elastically. Therefore, a reduc-
tion of displacement from 1.568247 in. to 1.554341 in. changes the stiffness force elasti-
cally:

Fy5 = 631.65(1.0~ 1568247 + 1.554541) + 126.33(1.568247 ~ 1.0) = 696.44 kip. (7.102)

Calculation continues using stiffness &,. Note that the maximum displacement is equal to
1.568247 in. Therefore, the structure will begin to yield under reversed loading at a dis-
placement equal to

x, =1.568247 2.0 = -0.431753 in. (7.103)

where the value 2 in Eq. 7.103 represents the elastic displacement envelope, which is the
range between the upper and lower limits of the path corresponding to %, in Figure 7.10
(i.e., the displacement or horizontal distance between A and D, C and B, or E and F). This
displacement level of x, = -0.431753 in. is reached at time step ¢ = 36A¢ = 0.18 5. The
response at this time step is

Xag 1.0 0.004980 0.0000127[-0.38752 —0.43598
X3¢0 =|0.0 0.992184 0.004949 |{-11.1242} = {-8.25808}. (7.104)
Fag 0.0 -3.12629 0.979745]| 561.531 584.935
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336 Chapter 7 Nonlinear Time History Analysis

At this level of displacement, the stiffness changes from k, to k;, and the path is between
C and E. Therefore, the stiffness force can be computed by

F, 35 = 631.65(~1.0) +126.33(-0.43598 +1.0) = —560.40 kip.

]

(7.105)

Similar to Eq. 7.94, imposing the condition to satisfy the dynamic nﬂ::__unEs equation by .

updating the acceleration response gives

REWE

m m

1.124 631.65 126.33 (7.106)
|A = u?m 25808) — F = uﬁ HSA 7 uhuc.au_.aui.i .
=-569.683.

Again, this new value of ¥, = ~569.683 in./s? is different from what was originally calcu-
lated, which was —584.935 in./s2.

This calculation process continues, and Table 7.1 summarizes the calculations at dif-
ferent time steps. In addition, the displacement and velocity responses are shown in
Figures 7.11 and 7.12, respectively, and the force versus displacement curve is shown in

Figure 7.13.

Table 7.1 Summary of Calculations of Response at Selected ._._Eu Steps -

k Time (s) x (in.) X, (in./s) ¥, (in./s?) F, . (kip)
0 0.000 0.00000 40.0000 —100.531 0.00
1 0.005 0.19797 39,1898 —223,546 125.05
2 0.010 0.39039 37.7771 —341.537 246,59
3 0.015 0.57431 35.7915 —452.721 362.77
4 0.020 0.74697 33.2710 ~555.446 471.83
5 0.025 0.90580 30.2619 —648.210 572.15
6 0.030 1.04850 26.8171 —667.923 637.78
7 0.035 1.17416 23.4473 —680.011 653.66
13 0.065 1.56472 2.4649 ~705.767 703.47
14 0.070 1.56825 ~1.0551 —702.256 703.43
i i : ; i :
3s 0.175 ~0.38752 ~11.1243 561.531 ~532.04
36 0.180 —0.43598 -8.2581 569.683 -560.40

w I F >

m 0 e

m /‘l..!\

g-r .

nm. L] Yielding Starts " Yielding Ends

m =3 i i i i
1] 0.1 02 03 04 0.5

Figure 7.11 Displacement Response of a Bilinear Structure
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B8 s

Velocity Response (in./s)
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=20 =
3 : " . i
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Time (s)
Figure 7.12 Velocity Response of a Bilinear Structure
1000
z
& sor
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=1 0.5 0 0.5 I L5 2

Displacement (in.)

Figure 7.13 Stiffness Force versus Displacement Response of a Bilinear Structure

Consider Example 2 with bilinear stiffness of k, = 631.65 k/in. and k, = 126.33 k/in., and
a yield displacement of x, = 0.6 in. The structure has a mass equal to m = 1.0 k-s%/in, and
it is assumed to have zero initial displacement and initial velocity but is subjected to a
magnified bilinear pulse ground acceleration as shown in Figure 7.14. The constant accel-
eration method with a time step of Az = 0.005 s is used. The equations, given in Egs. 7.30
and 7.39 are

Xy =X+ XA+ 1 X, (A)? (1.107)

X =X F A (7.108)

Xy =0y Iﬁhw.ﬁ«e_ = E (7.109)
m m .

For this example, the damping value is fixed and is equal to 2.513 k-s/in. This means that
the damping ratio { changes for different values of ®,.

a(r)

1.024g
1.0g

Magnified Bilinear Pulse
Bilinear Pulse

t(s)

0 0.1 0.2 Figure 7.14 Bilinear Pulse

| s
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338 Chapter 7 Nonlinear Time History Analysis 7.2 Single Degree of Freedom Response with Nonlinear Stiffne’s 339

The ground acceleration at time zero is equal to 0. The initial acceleration can be com Table 7.2 Summary of Calculations of Response at Selected Time Steps

1 puted using Eq. 7.109: k Time(s)  a, (g) x, (in.) f(ins) G Gn/s)  FGip) [
“ i ” © . 0 0000 000 0.00000 0.0000 0.000 0.00
i, =0- hﬂua =0 in./s? (7.110 1 0.005 0.0512 0.00000 0.0000 ~19.783 0.00
Att=2Ar=0.010s, the ground acceleration is equal to 0.0512g. The response can be com- 2 008 0.1024 ~0.00023 0008 ~39.163 -0.16
puted using Egs. 7.107 to 7.109: . 3 0.015 0.1536 -0.00123 ~0.2947 -57.832 -0.78
[ & x = (0)+(0)(0.005) +$(0)(0.005)? =0 in. .111) : : : ; ; : o
| & ¢, =(0)+(0)(0.005) =0 in./s : @ 13 22 0.110 0.9216 -0.55586 -11.4312 23.736 -351.11
| ¥ % =) : ' ’ 23 0.115 0.8704 -0.61272  -11.3126 72.709 -380.58
T # =—(0.0512 % 386.4) - ﬁn EJAS . m%@ =~19.7837 in./s? (7.113)"
¥ F,, = 631.65(0) = 0.0 kip (7.114) ,m * T iy o
1 3 Atr=2Ar= o.Ec;wn it follows from Eqs. 7.107 to 7.109 that ) m. 1F
{ %, = (0)+(0)(0.005) + 4 (~19.7837)(0.005)? = —0.00025 in. (1.115) m 0 }/\
| %, =(0) + (~19.7837)(0.005) = —0.09892 in./s (1.116) - gt //i\
k4 ‘ ; = 4
| __ %, =—(0.1024 % 386.4) - ﬁn EJTQ 09892) — S3L63(00005) _ 39 1625 in./s2 (7.117) Lok a * - e = ._
] Lo 1.0 R Time (s) i
! F,, =631 &Tc 00025) = —0.16 kip. (7.118) .m
i Figure 7.15 Displacement Response of a Bilinear Structure

Calculation continues until a displacement of 0.6 in. is reached. This, corresponds to a time ..
step of £ =23Ar=0.115 s and a ground acceleration of 0.8704g. The responses at.time step '
t = 22At = 0.11 s are x,, = -0.55586 in., &y, = ~11.4312 in/s, and ¥y, = 23.7360 in./s%
Therefore, the displacement and velocity responses at time step 23 follow from Egs. 7.107 to
7.109: :
X3 = (—0.55586) + (—11.4312)(0.005) + 4 (23.7360)(0.005)* = -0.61272 in. (7.119) _

Xyy =(—11.4312)+(23.7360)(0.005) = -11.3126 in./s (7.120)

g

Velocity Response (in./s)
I5 o ]

631.65(~0.6) +126.33(-0.01272)
1.0

21 =631.65(-0.6) +126.33(-0.61272 + 0.6) = —380.58 kip (7.122)

&

=172.7089 in./s? (7.121)

e
=3
=
=
=]
b
e
4

05

gy = =0.8704g ﬁp mmuﬁ 11.3126) -
Time (s)
_b F, |

where for the total displacement of 0.61272 in., a 0.6-in. displacement corresponds to the Ry T:10, Volocks Rampouse oCa BRines Siciotire

x stiffness of k, = 631.65 k/in. and a 0.01272-in. displacement corresponds to the stiffness
of k, =126.33 k/in.

| The calculation process continues. Note that the acceleration response is computed
after the displacement and velocity responses are calculated. Therefore, the dynamic equi-
i . librium equation will be satisfied and no acceleration value must be updated due to the
: stiffness nonlinearity, which was not the case in Examples | and 2. This is annmﬁn the con-
stant acceleration method is used in this example.

Table 7.2 summarizes the calculations at different time steps. In addition, the dis-
placement and velocity responses are shown in Figures 7.15 and 7.16, respectively. The
force versus displacement curve is shown in Figure 7.17.

Figure 7.18 shows a comparison of displacement response between the nonlinear
response shown in Figure 7.15 and the linear response based on the calculation using stiff-
ness k; = 631.65 k/in. only,

Stiffness Force (kips)

st hE.888

i

05 0 05 by
Displacement (in.) 4y

Figure 7.17 Stiffness Force versus Displacement Response of a Bilinear Structure
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Figure 7.18 Comparison of Displacements between Linear and Nonlinear Responses

PL ,ﬁm Fictitious Stiffness-Related Force
Recall that the stiffness used in the solution for time step f,,, is the stiffness from time step
fi to #. If an iteration of this initial solution is. performed, then this initial stiffness is
replaced by k", k™, or more.

An alternate approach to this iterative solution is to apply a “fictitious force” to the
system at time f,, to compensate for the error in the initial estimate of the stiffness,
Assume that Eq. 7.35 is used to estimate the stiffness of the SDOF system at time step 1,,,,
Therefore, the equation of motion from Eq. 7.30 is

My + CXpyy + F (X)) = Fiy WQ. 123)

where from Figure 7.7

Fo(xp ) =F(x )+ k(x, —x)= __m..aP.: )=

Now imagine that a solution is obtained using the Newmark B-method, and a value for X
is calculated to be x{}}. Then from Figure 7.19,

NAka_ = W:X_.T_V =

The exact force is F,(1,,,) = F,,,,, but it is unknown. The force used in the initial solution

is F, 4.1. The force that would be used in an iteration is F},,. The difference between the ini-

tial solution force and the iterative force is
AF, =F{\, -

s,

Foays Tt (7.124)

Fali))
m.,-».:.

(1.125)

(7.126)

gk+1

. EO
L)
EWg)

F ()

Fi ()

Projected Secant Stiffness

-
_ffr

Exact

E(te1)

()

X1 Xk Zhet1

Figure 7.19 Nonlinear Force versus Deflection Curve
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The equation of motion for the next time step from Eq. 7.30 is
My +Chpp + Fi(x0) = Fypp (7.127)
where
ﬁﬁh?uuﬂm.,“mhk..._u._.kfhﬁk»;u = Xpar) (7.128)
and
F, —F,
ki nﬁ ) = F (x v“_. (7.129)
Kee) — Xy

However, in the initial solution the stiffness used and the related force were incorrect by
an amount AF, = F{}),, - F,,,, because the iteration was not performed. Therefore, imag-
ine that a fictitious force is now applied to the right-hand side of Eq. 7.127, and it follows

that
My +Chyyy + F(Xy,0) = Fyyy + AF,. (7.130)

The solution approach and extensions of it can be used as an alternative to a smaller time
step or repeated iterations for the response at time ¢,,,.

Consider Example 2, where the force versus deflection curve is a bilinear relationship J

with &, = 631.65 kfin., k, = 126.33 k/in., and a yield displacement of x, = 1.0 in. Since this
force versus deflection curve is linear up to the elastic limit of x, = 1.0 in., there will be no
imbalance of force in the response. However, at the time step when k, changes to k, (i.e.,
at the time when yielding occurs), there is an imbalance of force, which can be seen in Eqgs.
7.92 an 7.93. From Eq. 7.92, the response is

EA 1.0 0.004980 0.0000127(0.905802 1.048499
¥g0=/0.0 0992184 0.004949 [{30.26189 | = {26.81715 (1.131)
Xg 0.0 -3.12629 0.979745 |[|-648.210 —729.688
and at this level of displacement, the stiffness force is
m...u_o =631.65(1.0) +126.33(1.048499 - 1.0) = 637.78 kip. (7.132)

However, from the dynamic equilibrium equation of motion as given in Eq. 7.123, where
m = 1.0 k-s*/in., ¢ = 2.513 k-s/in., and F, = 0 (i.e., no external force), the stiffness force is

Fy(x0) = —miig ~ cig = —(1.0)(~729.688) — (1.124)(26.81715) = 699.55 kip (7.133)
and therefore Eq. 7.126 becomes .
| AR =FY-F ¢ =699.55-637.78 = 61.76 kip. (7.134)

Consider this A, in Eq. 7.134 as a fictitious force; it follows from Eq. 7.130 that the equa-
tion of motion for the next time step becomes

(7.135)
Now, instead of calculating the response of the SDOF system with no external force, this

fictitious force introduces a term on the right-hand side of Eq. 7.135. This AF, is consid-
ered as an external force in the next time step, and therefore Eq. 7.56 becomes

mi, + ciy + F(x,) = AR,

) X5
%y ¢ = FiP 4% b+ HAE (7.136)
¥ %

where F{}’ was calculated in Eq. 7.96 for k, = k, = 126.33 k/in., which is
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1.0 0.004996 0.000012
F{ =(0.0 0998427 0.004982
0.0 -0.62939 0.992827

and HY is :
| o . [©0057) (0000006
H{ ==4 8At }=———41 +(0.005) }=10.002491.
1.00360
B 1 1 0.996413

Therefore, the response at the next time step follows from Eqgs. 7.135 to 7.138:

x5 1.0 0.004996 0.000012 |[1.048499 0.000006 1.174106
%, p=10.0 0998427 0.004982 |{26.81715 }+40.002491 :(61.76) = ¢ 23.29351
Xy 0.0 -0.62939 0.992827 ||-729.688 0.996413 -679.792

and at this level of displacement, the stiffness force is
w..q =631.65(1.0) +126.33(1.174106 — 1.0) = 653.62 kip.

However, from Eq. 7.123, the stiffness force is
Mﬁk.w:u =-mi; —cx; = —(1.0)(—679.792) — (1.124)(23.29351) = 653.61 kip

(7.139)

(7.140)

(7.141)
and therefore the fictitious force in Eq. 7.126 becomes &
AF, = F® - F, ; = 653.61-653.62 = =0.01 kip. (7.142)

This calculation process continues as time progresses to adjust for the imbalance of force.
Note that the fictitious force in Eq. 7.142 is much smaller than that in Eq. 7.134, which
shows that the imbalance of force has been considered in the calculation process.

PLE 5! Nonlinear Response Spectrum

CAMELE 53

Section 5.2 discussed the development of a response spectrum for a linear elastic SDOF
system. The spectral displacement was the maximum displacement of the system for a
given earthquake ground motion acceleration versus time and a given value of damping
and natural period of vibration. Wu and Hanson," as discussed in Section 5.3, studied the
response of an SDOF system for an ensemble of earthquake ground motions and devel- :
oped an equation for a damping response reduction coefficient, R,. This coefficient enables
the structural engineer to modify the 5% damped elastic response spectrum to obtain a
spectrum for any selected value of damping, {. Equation 5.49 presented the equation for
R, Wu and Hanson also studied the response of an elastic—plastic SDOF system for the
same ensemble of earthquake ground motions.

Define x, to be the displacement of an SDOF system for a given earthquake ground
motion and with a pre-yield natural period of vibration T, and damping value of {. Now
assume that the SDOF has an elastic—plastic stiffness of the type shown in Figure 7.20 and
a yield force level, F,, equal to F, = k.x, where k, is the pre-yield stiffness of the SDOF
system. Denote the maximum response of this nonlinear SDOF system as x,,,,. Define the
ductility demand for the given earthquake ground motion acceleration versus time to be p,
where Z .

(7.143)

7.2 Single Degree of Freedom Response with Nonlinear Stiffners 343

v F(x)

ky

Figure 7.20 Elastic—Plastic Stiffness

Xy Fmax

Wu and Hanson studied many earthquake ground motions for a given pre-yield natural
period of vibration T,. For a given earthquake ground motion, the maximum displacement
for 5% damping, that is, S,(T,, 5%), and the maximum displacement for damping { and
the- maximum ductility demand p, that is S,(7,, {, p), are obtained. The ratio of these two
maximum response quantities, denoted by R,,,!" is

! S,(T,.C. 1)
A Ry = humﬂ_.mh % (7.144)
Wu and Hanson then derived the following equations:
Ry =—0.349In(0.0959C)(2.89u — 1.89)02% 7,=0.1s (7.145)
Ry =-0.547In(0.417C)(1.821 - 0.82)0%62 T =0.5s (7.146)
R, =-0.471In(0.5240)(1.531 - 0.53)%7% T =1.0s (7.147)
R, =-04781n(0.4750)u~1%, T =3.0s. (7.148)

Figure 7.21 shows a plot of R,, as a function of natural period of vibration and ductility
with damping ratio equal to 5%. Figure 7.22 shows a plot of R, as a function of a natural
period of vibration and damping ratio with ductility equal to 3.

Newmark and Hall did a similar study but only for an SDOF system with 5% damp-
ing!. They calculated a response reduction factor of

_ 5,(T,.5%.1)

Rsn =57 5% " (7.149)

which is similar to Eq. 7.144. The equation they proposed was

H

[
T

"
T

s
in
T

Ta=10s

Response Reduction Factor

Tp=30s

Maxi Ductility D -]

Figure 7.21 Response Reduction Factor (R,,) as a Function of Natural Period of Vibration and
Ductility with Damping { = 5% (Wu and Hanson)
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Response Reduction Factor

Ta=10s
L

T,=305 : ; .
04 0.5

[ ol 02 03
Damping Ratio

Figure 7.22 Response Reduction Factor (R,,) as a Function of Natural Period of Vibration and
Damping Ratio with Ductility p = 3 (Wu and Hanson)

Regy =10, T,<0.3s
Rig, =+20—1, 03<T,<10s (7.151
Ry =K, T,>10s. _ _ (7.152)
Krawinkler and Nassar developed for 15 Western U.S. earthquake records the follow
ing equation for R, g
_ Ry, =[cu-1+1]"

RTHL.A&

The pre-yield natural period of vibration is denoted T,.. The slope of the post-yield force
versus deflection curve is called the strain hardening coefficient and is denoted o. (e.g., &t
= 0% is elastic—plastic as shown in Figure 7.20). The value of the coefficient b in Eq. 7.154
is a function of o, and for a 5% damped SDOF system, the value of b is

a=0%, b=042
o=2%, b=037
a=10%, b=0.29.

Figure 7.23 shows a plot of ¢ versus T,. Figure 7.24 shows a plot of R,, versus T,.

This example demonstrates how, for a given SDOF system and ensemble of earth- -
quake ground motion records, it is possible to develop generalized design equations for
use in structural engineering.

Q.GS.U

(7.153)

where

(7.154

(7.155)
(7.156)
(7.157

STIFFNESS

Consider now a response solution for a multi-degree of freedom system where any of the
elements in the stiffness matrix have a nonlinear force versus deflection relationship. The -
matrix equation of motion for this multi-degree of freedom system is )

MX (1) + CX(1) + [K(X)]X(r) = -Ma(r). (7.158)

7.3 Multi-Degree of Freedom Response with Nonlinear Stiff »2ss 345

Zat
.m a=0%
_m o =2%
S a=10%
o L . -
1] 05 1 1.5 2

Period (s)

Figure 7.23 Coefficient (¢) as a Function of the Natural Period of Vibration and Strain Hardening
Coefficient (Krawinkler and Nassar)

Response Reduction Factor

(] S0 1 15 2
Period (s)
Figure 7.24 Response Reduction Factor (R,,) as a Function of Natural Period of Vibration with
o = 09 (Krawinkler and Nassar)

In the previous chapters, the stiffness matrix K(X) in Eq. 7.158 was a constant, that is,
K(X) = K, which was not a function of X and therefore not a function of time. Now con-
sider the stiffness matrix to be a function of the deformed position of the structure, that is,
X(1).

Consider the case where the solution for the response is obtained by using the
Newmark B-method. Recall from Eq. 3.224 that

MX,,, +CX,, +KX,, =F,, (7.1592)
Xy = X, +(1-8)X, Ar+ 8%, A (7.159b)
Xy =X, + XAt + (3 —a)K (A2 + 0X,,,(AN%.  (7.159¢)

Equation 7.159a represents the dynamic equilibrium equation of motion for the case where
the stiffness matrix K is not a function of X. For the case where the stiffness depends on
the displacement X, Eq. 7.159 must be written in an incremental form, that is,

MAX + CAX +K AX = AF (7.160a)
AX = (1-8)X A+ 8%, Ar (7.160b)
AX =X, At + (4 ~ o)X, (AN + oK, (AD)? (7.160c)

where K, represents the stiffness corresponding to the displacement from X, to X,,,, and

X=X, -X,, AX=X,,-X,, AaX=X,,-X, AF=F,-F. (116

3 €3 3 R g3 My
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Substituting Eqs. 7.160b and 7.160c into Eq. 7.160a, it follows that
MAX +C[(1-8)X,Ar +8X,,, 00| + K, [X, A1 + (4 - @)X, (A2 + 0K, (A1)?] = AF. (7.162)
From'Eq. 7.161,

X, =X, +aX. (7.163)"

Substituting Eq. 7.163 into Eq. 7.162 gives
MAX +(1-8)ArCX, +8AICK, +SArCAX
+AK X, + (- o)A’ K, X, +o(A)?K x* + oADK ,AX = AF.
Collecting similar terms, it follows from Eq. 7.164 that
[M +8A1C + (A1) K, JAX +[(1-8)Ar + 5ArJCX,,
, +AK X, +[(§ - 0)(Ar)? + oA [K X, = AF.
Simplifying Eq. 7.165 gives
[M +38ArC+a(An)’K, “_Duh._.bkuu? + MK Mk +4+(AN?K X, = AF.
Solving for Pun gives
AX =[M+8AIC + (AN K, | [AF - AICK, - AK X, - (AKX, |

Equation 7.167 provides the solution for AX, and using Eq. 7. 160 it is possible to calcu
late AX and AX. Then using Eq. 7.161, the values for X,,, and N?_ can be determined.
To represent the solution in a matrix form, first let

?uZ&EnEEoN@ s . (7.168)

Then Eq. 7.167 becomes
AX =[B~'|AF -[AB-K, | X, —[AB-'C+$(an?B K, ]X,. (7.169) .
Then the acceleration at time step k + 1 is
Xew =X, +aX =X, +[B']AF - [AB-'K, ] X, —[AB-'C+ +(A?B-'K, |X
=[B-']AF -[AB~'K, ] X, +[I- AB-'C -} (An)*B~'K, | X,.

Substituting Eq. 7.170 into Egs. 7.160b, 7.160c and 7.161 gives

Xow = X, +(1-8)X, A1 + 8A(B-'AF — (AB-'K, )X, + (I~ AB-'C~ $ (A1) BK, )X, |
=[8AB~']AF - [I-8(Ar*B'K, | X, +[(anI - 8(Ar?B-'C -4 8(An°B'K, | X,.

" (@170 .

(7.171a) *

Xy =X, + MK, + (3~ o)an?X,
+0(Ar?[B-AF - (AB-K, )X, + (1~
=[o(Ar)? B! | AF + X, +[(An)] - (A1)’ BK, ] X,
+H (AN T~ o(An?B-'C - LA B-IK, ] X, .
Therefore, representing Eqs. 7.170 and 7.171 in matrix form, it follows that

Mﬁ{— Rw
X  =F (X, 0+ HPAF (1.172)
N»L unw :

AB™IC - 3(ABK, )X, ] (7.171b)

s ‘—m.?..wk__ 0 I- WHEH»
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where Izl Be4 Tié

12T (AnNI- Ebcuwa_ﬂ (A1 - a(Ar)’B-'C — L (A0 B-IK,
(ADI - 8(Ar)*B-'C— 4 8(Ar)*B'K, 1.1732)

i | S 1Eu-._r I-AB-'C-(A?B-K,
(S _RA_D.ONWL
(m) 3 -1
Hy k7 jam (7.173b)
576 B!
and the.superscript (n) denotes nonlinear time history analysis. Let
Xy
q; =1%,
X,
Then Eq. 7.172 becomes
941 =F'q, + HYAF = F{”q, + H{'F,,, - H{F,. (7.174)

‘When the structure is subjected to an nEA_E_.E_S ground motion, then Eq. 7.174 is still
valid with the H{ matrix and AF changed to H{ and Aa, respectively, where

(A1) B-'M g

HJ™ =~ SaB™M | (7.175)

B-'M .”

Thus Eq. 7.175 becomes |
Q. =F\q, + 2, ~H{™a,. (7.176)

Note that the F{ and H{{*? matrices in Eq. 7.176 are functions of time, and therefore
these matrices must be computed at each time step. Also, note that computing the F{ and
H{®? matrices requires the inversion of the B matrix at each time step.

Finally, when the constant acceleration method is used (i.e., 8 = 0 and o = 0), then
Egs. 7.168, 7.173, and 7.175 become

B=M+(0)AC + (0} AN K, =M (7.177a)
1 (anr HADI
F\’=(0 1 (ant (7.177b)
[0 —AMTK, I-AM™'C-}(A)'M-'K,
[0 0
HP={ 0 ([, HOEQ=|g | (7.178)

M- =1

%ﬁ%@ Free Vibration of a 2DOF System

N ;nulull.lr’...qlrln

Consider the two-story braced frame as shown in Figure 7.25. Assume that the material
property of the braces is bilinear, of the form shown in Figure 7.26. The mass and stiffness
matrices for the structure are
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My Xy

Brace #2

Brace #1

_ 40 ft. “__ Figure 7.25 Two-Story Frame
AT "
B
ok
QM‘
E
£ Figure 7.26 Stress versus Strain Behavior of
g, * Braces 1 and 2
m 0.0 .N_.ﬂlmno%w.rmoomnw lwhmhm_uno%m N
M= ' |, K= :
T.c aL “AE 29 AE o (7.179)
L, L
Let m,=m, ="1.0k-s*in., A, =A,=A = 2.5'in%, E = 37,500 ksi, and &, = 20% (i.e., ¢E =
0.2 x 37,500 = 7,500 ksi). The mass and initial stiffness matrices are
1.0 0.0 : m ;
= 7.180) =
o T.c rL _ Gl
2AE AE .
K L cos’ 8 lﬂnomu 6 _ (2.5)(37,500) AJN_H 2 1@ P ﬁ 200 LGJ
C|ZAE e AE 2 (50)12) \5)|-1 1) [-100 100 | (7-181)
L L
When Brace 1 yields, then the stiffness matrix becomes
1+ 0)AE AE i
: Lot —Teost8)  (55)37,500) th 12 a_g ﬁ 120 LOJ o
e = - (7.1
|>Hm8m 0 m%.naw 9 soa2) \5)[-1 1 100 100
If Brace 2 yields, then the stiffness matrix becomes
Lraak cos?® -— cos* @ 120 =20
K, = Q.mwm. ?»hm_ uﬁlno 20 H_ (7.183)
Iﬂnomm ] ]Nlnomu 6

Finally, if both Braces 1 and 2 yield, then the stiffness matrix becomes

3
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20AE OAE

cos’® ———cos?@ 40 -20
K, = Qhw E o ah\m = = ok,
=R cos? @ 7 cos? @ —20 20

Assume that the damping is proportional initial stiffness matrix with a Rayleigh propor-
tionality constant of B = 0.01. Then the damping matrix is

200 -100 2 -1
C= Ho‘ccmﬂne.oc_w gnﬁ H“ © o (7.185)

(7181

=100 100 -1 1

In addition, assume that this damping matrix will not change even when the stiffness
matrix changes due to yielding of the braces. Let the yielding of the braces be equal to
€,=0.002 for both tension and compression; then these braces will yield at a relative dis-
placement of

Le, _ (50)(12)(0.002)
cos® 4/5

x, = =1.5in. (7.186)

This means that Brace 1 yields at _n__ = 1.5 in. and Brace 2 yields at _kul....__ = L5 in,
Recall from Eq. 3.10 that the natural frequencies of vibrations are

(K + ke Iy + kym, )= (e, + g Iy + Ky, ) = iy ok
2mm,

(7.187)

- S
Wy =

(k, +ky)my + by )+ [ ((ky + ky)my + ko, ) — 4k,
0=

(7.188)
2mym,

where m, = m, = 1.0 k-s*/in. and k, = k, = 100 k/in. Since k, = k, and m, = m,, it follows
from Eq. 3.28 that

©, =0.618,/T00/1.0 = 6.18 rad/s (7.189)
w, =1.618,/100/1.0 =16.18 rad/s. (7.190)

The natural periods of vibration are

2n 2n
T =" 12
' w, 6.18 3 (7.190)
2 2n
LL=—=—"—=0.39s,
R TIT] (7.192)

Assume the frame has no initial displacement (i.e., X, = 0) but has an initial velocity
of %, =30 in./s and ,, = 50 in./s and no external force. The time step size should be less
than (7,/10). Since T, < T, for this case it follows that Az < (T,/10) = 0.039 s. Assume that
the constant acceleration method is used with a time step of Ar = 0.01 s. Then the solution
follows from Eq. 7.174 or 7.176 that

.., = Fi'q, (7.193)

where, for the elastic structure, the matrices in Eq. 7.193 are
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% ~59.907] [1 O]'[2 ~-1](27.9015-28.5005

R B peol B Q0000 - 0 - %, 7 -115844] "|0 1] -1 1 [|45.8860-47.0445
I WA . . - e -
0 10/ 0 001! 0 000005 % s (rac
. o "o T10 "o 1 o001 0 % 1 07120 -1007(1.75451—1.47250 —47.243
A i ! —3 - — -
Fy» = 0O 010 10 O 001 || % 21 0 1] [-100 100 ||2.91016 ~2.44551 —-133.549
||||| i etevie et vt § RER R RS oty m ==
0o 0 mr .0 10 m 0.97 0.015 X Then the calculation process continues using the F{’ matrix in Eq. 7.199, and at time step
0 010 -1.0} 0015 0.985 %), t =9At =0.09 s, the response is
At time step 0, the initial acceleration is % 10 01001 0 000005 O 7(230368) (257314
" a . 23 2. 10; 0 001, 0 _ 000005} 3.80034 | |4.22253 :
4] 1 oT 2 —sifae] fio0)Ti2e00 000 J-I0L L, o, % 0 0110 0 1 ool 0 ||27.0729| |726.8198
e =7 1 t|lsof "|o 1] |-100 100 Jlof " |-20/ 435 o= " : = (7.202)
X, 0 1 - . X5 o 0 y 0 _..mL_ 0 o.om 43.0482 41.3918
Then using Eq. 7.195, the response at time step k = 1 (i.e., t = Ar= 0.01 5) is X 0 0i-12 10 m 0974  0.015 || —47.106 -38.129
] o i - =
) 1.0._0 | 0.01 0 | 0.00005 0 0 0.2995 X2)q 0 0} 1.0 1.0, 0.015 0.985 165.641 179.511
X, o 1.0 m | 0____0.00005]| O 0.4990 and the relative displacement between the two floors at t = 9Ar = 0.09 s is
3 570 0.01 ) 30 | |29.900 (Agey)s = Xp9 — X5 = 4.22253 — 2.57314 = 1.64940 in. (7.203)
[ ~lo o 0 50 [~ )49.800["  (7:196) v
3 (R P e T m i 1o 250,00 Since the relative displacement given in Eq. 7.203 is greater than the yield displacement
X 0 0 ! } 0.97 5 ||- . of 1.5 in., Brace 2 yields. The resulting F{}’ matrix becomes
X, 0 010 -1.0} 0015 0.985 ||-20f |-39.85
4 g 1.0 0001 0 !0.00005 0
The relative displacement between the two floors at 1 = Ar = 0.01 s is H 0.01 0 0.00005
Bay), = X, — %, = 0.4990 —0.2995 = 0.1995 in. 7.197). o |0 0110 0 1 001 | 0
Beh=0 =% ¢ F\ = 0 0.01 (7.204)
This calculation process continues, and at # = 6Az = 0.06 s, the response is “_ s
X 1.0 0 ;0.01 0 | 0.00005 0 1.47250 1.75451 1 0.011 0.989
1 i .
ot 9 10 |m.||o A m...hm_!“_i:m.::m 00005 |} 244551 221016 In addition, since Brace 2 yields, the acceleration response must be calculated again using
K| |0 0110 0 ! 001 0 28.5005 | _ | 27.9015 .198) the new stiffness matrix (i.e., K,,). Using Eq. 7.160a, it follows that
Wu i IHWIIIOIIm-IIOIIII,__.I.@I.m.Illm IIIIII Ol ‘nluml. I&wﬂl.@m.mww iAhui.mmmlOl ’ M. "M,. |?—|_O&|gl_mﬂ AX 7.205
% 0 0i-20 10! 097 0015 [| -59.907 —69.804 | il Rt (20
] _— ; ; .
¥, . 0 0!10 -10! 0015 0.985 ||—115.844 ~133.549 Substituting the numerical values into Eq. 7.205 gives
. ¢ i —47.106) [1 0T'[2 -17(26.8198~27.0729
is di f = 1.75451 in., Brace 1 yields. The resultin; @ matrix tL o= =
At this displacement of X1 4 g Fi F: ~165641] [0 1] |-1. 1 [|41.3918-43.0482
becomes L : (7.206)
1.0 0 |00l O |0.00005 0 1 07'T40 —207(2.57314—2.30368 _[-28.7%
0 10! 0 001! 0  0.00005 0 1] |-20 20 [|4.22253-3.80034] |-167.293[
................ RN o
FO = 0 0 “_. 1.0 0 : 0.1 0 (7.199) Then the calculation process continues using the F{§’ matrix in Eq. 7.204, and at time step
Ylo oio 101 0 001 ' t = 22A1 = 0.22 s, the response is
0 01i-12 10 0974 0015 %, 1.0 01001 0 000005 0 7(548433) (568745
0 0!10 =-10! 0015 0985 2 0_10! 0 001! 0  000005| 7.96410 81648
In addition, since Brace 1 yields, the acceleration response must be calculated again =m5w X _|o o "_1 1.0 0 ._" 0.01 0 20.7054 _ ] 19.9188
the new stiffness matrix (i.e., K,). Using Eq. 7.160a, it follows that £ “lo o! o H.c ! 0 0.01 20,9052 [~ 19.2100 [ (7.207)
%,., =X, -M-ICAX - M-'K,AX. (7.200) % 0 01i-04 02 0978 001l ||—78664| |-82.900
X, - 0 002 Ic.m" 0.011 0.989 |{-169.528 -168.569

Substituting the numerical values into Eq. 7.200 gives
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-

The relative displacements between the two floors at both time steps ¢ = 21At = 0.21 s and
t=22Ar=10.22 s are E:

(Agy)ay = Xg2y — %12y = 7.96410 — 5.48433 = 2.47978 in. (7.208)

(Ay)ps = Xy = % 7p = 8.16468 ~ 5.68745 = 2.47723 in. (7.209)

Since the relative displacement between the two floors reduces from (A,_,),, = 2.47978 in
to (A;_1)z2 = 2.47723 in., unloading of Brace 2 occurs. This means that the stiffness matrix
returns to K,, and the F{ matrix is given in Eq. 7.199. The acceleration response mus|
again be calculated using Eq. 7.201: . :

%) _[-94982) [1 0]'[2 -1][19.9188-20.7054

%), |-170072) [0 1] [-1 1 [[19.2100-20.9052
_ 1 OT'[120 —1007(5.68745—5.48433 _ -§3.103
o 1 [-100 = '

100 ||B.16468 —7.96410 -168.365
Calculation continues using the F$ matrix in Eq. 7.199, and at time step ¢ = 39Ar = 0.39
s, the response is .

(7.210)

7.44836

X 1.0 0 mo.E 0 “_o.ooocm 0 7.43771

X, 0 1.0/ 0 001! O 0.00005 || 9.30966 9.27412

% 0010 o 001 0 || =02559| |-138740

B[ Tlo 0t o 10! o oo |}-3.0%07[7)4oms[ 2V
& 0 0i-12 10 0974 0015 |[-161.806| |-161.893

%)y LO 0110 -10} 0015 0985 ||-104.706) (-102.788) -

At this time step, since the displacement of the lower floor reduces from x, ;5 = 7.44836 ~
in. to x; 33 = 7.43771 in., unloading of Brace 1 occurs. This means that the stiffness matrix
returns to the original stiffness K, and the F{ matrix is given in Eq. 7.194. The accelera-
tion response must again be calculated using Eq. 7.160a;

%) _[-162244) [1 0]'[2 -1]f-1.8740+0.2559

[, |-104706f [0 1] [-1 1 [|-4.0778+3.0307
1 07'[120 -1007(7.43771—7.44836 _ [—161.041
0 1] {~100 - .

100 |(9.27412 —-9.30966 —-102.788
The calculation process continues. Note that the maximum displacement of the lower floor |
18 X} max = X33 = 7.44836 in., which causes an inelastic extension of Brace 1. Therefore, '
Brace 1 will begin to yield in compression at a displacement level of :

(7.212)

Xyy = X qax — 2X, = 7.44836 — 2(1.5) = 4.44836 in. (7.213)

Similarly, the maximum relative displacement between the upper floor and the lower floor
is Agymax = By = 2.47978 in. Therefore, Brace 2 will begin to yield in the opposite
direction at a displacement level of

Agyy =By sy — 2%, = 247978 - 2(1.5) = ~0.52022 in, (1.214)

The displacement and velocity responses are shown in Figures 7.27.and 7.28, respectively.
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Figure 7.27 Floor Displacement Response
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Figure 7.28 Floor Velocity Response

[.E:2! Forced Vibration of a 2DOF System

Bl

R

Consider the 2DOF system discussed in Example 1 with no initial displacement and veloc-
ity, but subjected to a bilinear pulse ground acceleration shown in Figure 7.14. Use the
constant acceleration method with a time step size of Ar = 0.01 s (recall from Example 1
that Ar = T,/10 = 0.039 s). The solution follows from Eq. 7.176 that

. Qe = (', + H{Va,, ~H{*a, (7.215)
where, for the elastic structure, the matrices in Eq. 7.215 are
1.0 0 | 0.01 0 | 0.00005 0 0o 0
0 10! 0 001! O  0.00005 0 0
....... I o M TRt B PN
Fo = 0° 0110 "0 i 001 0 | joew |0 Of |
0 010 10:i 0 0.01 N 0 0] (7216
0 0 mlm.o 1.0 m 0.97 0.015 -1 0
0 0,10 -1.0} 0.015 0.985 0 -1
x, 0
Xz 9
b2 a, 1 1 0
=474, By= ={ ta,, HY® =
L * Tﬂf ,ﬁ T 3 0 (7.217)
X =1
%), -1
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L 5 4 .

Therefore, mn 7.215 becomes

1000005 0 [x 0 0
0 000005{x, [0 0
HY T o x| Jol o i
0 .0 001 fi5[ 7)o ] o A
i 097 0015 ||% | |-1 -1
L0015 0985 ||5); |- o

k+l

At time step 0, the initial acceleration is

.u:nu “ *k._¥ un Iﬁww.ﬁﬁ | El_nuwo | gl;ﬁrxo
X, 1

0| [t o]'f2 ~1]fo] [1 o]'[200 -1007f0) [0
ulz.,_wo_ -1 1Jlof [0 1] {~100 100 [lof T 1of -
At time step ¢ = Ar = 0.01 s, the ground acceleration is 0.1g. It follows from Eq. 7.218 that
the response is k

(1.2 GV.

x 0] [0 0 0

| 22 . =4 9 i

il om0l )0 _Jo ] o0

2 = F{ of F1 o [0-1%386.4) 0 0.0)= o[ (7.220)
% of |- -1 -38.640

A o) (-1 -1 —38.640 G

Then at time step ¢ = 2Ar = 0.02 s, the ground acceleration is 0,2g. It follows from Eq.

7.218 that the response is
x 0 0 0 -0.00193
% o_| |0 0 -0.00193
al _pm] O . <19 % Mool BT
s =Ty a + 0 (0.2 x386.4) :an (0.1x386.4) W:ﬁmmmm e 1)
£} -38.640| |1 -1 ~76.700
%), -38.640) (-1 -1 -71.280

The calculation process continues, and at time step ¢ = 15Ar = 0.15 s, the ground acceler-

ation is 0.5g. In addition, at time step ¢ = 14At = 0.14 s, the ground acceleration is 0.6g. It

follows from Eq. 7.218 that the response is

x -1.37947) (0 0 ~1.63773
% -1.52027 |0 0 -1.83232
R ) O ) A 5
& 87334 |=1 -1 28630
%), -213,009) -1 -1 ~167.734

At this displacement of x, ;5 = 1.6377 in., Brace 1 yields. The resulting F$ matrix is

355
1.0 0 | 0.01 0.00005 0
]
0 10f 0 0 0.00005
Ryl o Oyl RN O 1 oo
0 010 0.01 0
F{M = i 7.223
"o olo 10 0____oo S
0 0 }-12 0.974 0.015

0 010 -10; 0.015 0.985
which is the same as the F}’ matrix in Eq. 7.199. In addition, since Brace 1 yields, the
acceleration response must be calculated again using the new stiffness matrix (i.e., K, in
Eq. 7.182). Using Eq. 7.160a, it follows that
X, =X, - Aa - M-'CAX - M-'K,AX. (7.224)
Substituting the numerical values into Eq. 7.224 gives

w__ulﬂ.uﬁ :ouxummaomxumma
%), 213009 | T "

|_
%H J _Hm Lﬁbm‘mowfmm.umﬁw Q.Bmv
0 1] [-1 1 [|-32.2700+30.1399

1 01120 -1007(-1.63773 +1.37947 _[—49.291
0 1] |-100 100 ||-1.83232+1.52027] |-167.734[

Calculation continues using the F{{ matrix in Eq. 7.223, and at time step ¢ = 27Ar =027 s,
the ground acceleration is equal to zero. Therefore, Eq. 7.218 can be used without consid-
ering the ground acceleration terms. In this case, the response is

x 1.0 0 “__o.o_ 4] “_o.aoocu 0 —4.15977 —4.30854
Xy 0 10! 0O 0.01 ! 0 0.00005 || =5.57064 -5.85785
% |0 o100 1001 o || Zi55882 _|F1a663 e
B Tlo 0o 10 o oo [l-294963( ™ |270a6a 70
% 0 0 murm 10 | 0974 0015 ([129155 | |130.028
%), LO 0110 -10! 0015 0985 || 154.995 168.711
and the relative displacement between the two floors at 1 = 27Ar = 0.27 s is
(Ay )y = X599 — X137 =—5.85785 +4.30854 = 1.54931 in. (7.227)

Since the qn_ﬁ?o.&%shnann, given in Eq. 7.227 is greater than the yield displacement
of 1.5 in., Brace 2 yields. The resulting F{ matrix becomes

1.0 0 !001 0 !0.00005 0

ia ‘ot!.m-“_..mms!@.-ﬂlm.w;_ ...... 0o

=10 o {0 10! o 001 | (1228
.m--.mxm 204702 | 0978 0011
0 0!02 -02! 0011 0989

In addition, since Brace 2 yields, the acceleration response must be calculated again using
the new stiffness matrix (i.e., K,; in Eq. 7.184). Using Eq. 7.160a, it follows that

Xy =X, - Aa—-M-'CAX - M~'K,AX. (7.229)
Substituting the numerical values into Eq. 7.229 gives -
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# 129.155] [0 [1 0]'[2 ~1][-14.1663+15.5882
.annﬁuabouwlfv%o 1] -1 1 [|-27.9464 +29.4963

1 07'[40 -207(-4.30854+4.15977) (141.103
o 1| |-20 20 |]-5.85785+5.57064]  |157.636]"

Calculation continues using the F{’ matrix in Eq. 7.228, and at time step r = 39Ar = 0.39 5,

: (A 1 )as = X3 49 — X 49 = —7.85334 + 4.38723 = —3.46611 in. (7.236)
(7.230) (Asy)sp = X550 — X 59 = —7.73589 + 4.28301 = —3.45288 in. (1217
Since the relative displacement between the two floors reduces from (Ar)ep = =3.46611
in. to (A;)so = —3.45288 in., unloading of Brace 2 occurs. This means that the stiffness
matrix returns to K, and the F§? matrix is given in Eq. 7.216. The acceleration response
must again be calculated using Eq. 7.160a:

the response is ) L
= -~ — M- TR o
x 10 0!001 0 !000005 O 7(-5.04512) (-5.03546 Xiw =X, — Aa - M™'CAX - M'KAX. (7.238)
x, 0 10! 0 001! O  000005|(-7.93238| |-8.01681 Substituting the numerical values into Eq. 7.238 gives
% 0 0110 0 i ool 0 || 03724 | | 15584 Tv - * 41.734 T 0] 1 o]'T2 -1]f12:6531-10.8371
B Tlo.olo 1ol o o001 |} 934 ™) 7415 THED %), 1srsesf Tlof lo 1] [-1 1 [li0.6304-102130
w..m. o 0 Mlo.h 0.2 "” 0.978 0.011 ~Mm.mow HMHMMM ” I*H— OH—L&H 120 —1007(—4.28301 + 4.38723 o (7.239)
%1lpy LO 0 02 -02] 0011 0989 j{ 18033 : 0 1 [-100 100 [|-7.73589+7.85334[ = :PSL.
At this time step, since the displacement of the lower nom..a reduces from .«_...wa = Im.opup.m ..;o calculation process nonmbﬂ."om. ch.a that the maximum displacement of the lower floor _
. in. to x, 3p ==5.03546 in., unloading of Brace 1 occurs. This means that the stiffness matrix I8 Xj;max = X33 = =5.04512 in., which causes an inelastic compression of Brace 1. __
is equal to K, as given in Eq. 7.183, and the F{¢ matrix is equal to Therefore, Brace 1 will begin to yield in tension at a displacement level of ; f
10 0 ! 001 0 !o. 5 0 Xyy = Xy ey +2x, ==5.04512 + 2(1.5) = —2.04512 in. (7.240) __
1 ] L. . ) .
bnum..c.m.!@nuqmz.m_...m:nlm-:-mp@@.u Similarly, the maximum relative displacement between the upper floor and the lower floor
o 0 0! 1.0 0 ' 001 0 nm Aoy max = Doy 40 = —=3.46611 in. Therefore, Brace 2 will begin to yield in the opposite f
F = & whe asi % st T (7.232). direction at a displacement level of
||||||| et s S P o ISR ekl w

- |0 0112 02! 0974 0011 Agyy = Aoy +2x, =-3.46611+2(1.5) = —0.46611 in. (7.241)

]
0 0! 02 -02! 0011 0.989 T . The displacement and velocity responses are shown in Figures 7.29 and 7.30, respectively. |

The acceleration response must be calculated again using the new stiffness matrix (i.e.,
K;). Using Eq. 7.160a, it follows that

X,. =X, - Aa-M-CAX - MK, AX. (7.233)

=1

Floor Displacement (in.)

Substituting the numerical values into Eq. 7.233 gives

%] [118.600) f[o] [1 O]'[2 ~1]f1.5584-0.3724
¥, l180332] loJ [0 1] |-1 1 [|-7.5415+9.3448

4
T

B (7.234) % o3 \ s :
1 07'[120 —207(-5.03546 +5.04512) _ [115.184 i 25 )
0 1] |-20 20 [|-8.01681+7.93238)  |181.597] > :
. . » . Figure 7.29 Floor Displ R __.
Then the calculation process continues using the FY’ matrix in Eq. 7.232, and at time step . TR SeSe i
t = 50Ar = 0.50 s, the response is % i
x 1.0 0 !001 0 !000005 O 7(-4.38723] [-4.28301 g Lower Floor :
X 0 10! 0 001! O  0.00005|-7.85334| |-7.73589 S =k \\Vﬂ%
*2 O L S LU O I b tvaoion | bl L L z .
| |00 e o oot 0 || 102130 | _|710.6304 S = —
s T|o oio 10i o oot | 108374 [7) 126531 [ 7% Tl R ~
¥, 0 0i-12 02} 0974 0.015 || 41.734 32.558 E Upper Floor
1 ! i i
%), LO 0102 -02) 0015 0985 |{ 181.568 179.905 2k os | s 2 2 3
Time (5) ’

The relative displacements between the two floors at both time steps ¢ = 49Ar = 0.49 s and

t = 50Ar = 0.50 s are Figure 7.30 Floor Velocity Response
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Consider the 2DOF system discussed in Examples 1 and 2, thatis, A, =4, =A =25 in.
E =37,500 ksi, o = 20%, and

1.0 0.0 2 -1 - [200 Loo_
ZuT.o _.L. 0%1_ ;.. .h%u_co 100

- 120 -20 40 =20
120 -100] K, = . Kae = oK.
-100 100 -20 20

=20 20
Let the yielding of the braces be equal to €, = 0.006 for both tension and no_.a_uanm&o_..z then
these braces will yield at a relative displacement of

o = L8 _(50)a2)(0.000) _ o

o7 cos® 4/5
and therefore Brace 1 yields at |x;| = 4.5 in. and Brace 2 yields at _a.ul, xl =45 in.
Assume that the system has no initial displacement and velocity and that it is subjected to
the modified El-Centro earthquake ground motion shown in Figure 6.11. ) )

Use the constant average acceleration method (i.e., 8= ; and a = J with a time step
size of Ar = 0.02 s (recall from Example 1 that Ar=T,/10=0 Omm s). A..rn_.. the solution fo!
lows from Eq. 7.176 that

o~ (nEQ) _
Qe = m,_m_“_:.._» + Im.mo_mnl Imﬂmew.. = m.__A,__.;an +Hjy mm.:._ mL

(7.242) .

K, = (7.243)

(7.244)

(7.245)’

where

) )
X3
X a, 1

q:= , a,= = 1 ay. (7.246)
Xy )y :
X
%),

The matrices in.Eq. 7.245 can be calculated using Eqgs. 7.168, 7.173 and 7.175:

B-= MM w..”erwﬁo.ouv”w_ .M.TWS.SVM Humm.c H%Ho E MM ..H.%NH (1.247)
w2 ol Jobom{ 2, L2 2]
s et odom] T, 225] ooe
w2 bl o], F[12% 2]

Inverting the matrices given in Eqgs. 7.247 to ‘____.Mm.m._ results in

=5 |ﬁ_m§§ 0.018861 0.969361 358,___”

0.018861 0.980762 | B ~[0.019007 0.980768

7.3 Multi-Degree of Freedom Response with Nonlinear Stifuii>ss

0.969126 0.011492
o 011492 0.988279 |

B3!

Therefore, it follows from Eq. 7.173a that

[1.0 0.0

(n) —
F) =

m‘u._au -

mmA :u

—23 Y

Em&@ -

-0.961901
—0.018861

0.980765 _ococmmc 0.019615

_
1915913 -1.923516 __“ 0.038014 0.961530 |

-1 - [0976698 0.011581
27 10.011581 0.988280 |

1 0.000192 0.000004
-
0.000004 0.000196

_IIIII! IIIIIIIIIII

_oouw\mum 0.000377
ooocuqq 0.019615

mo.auwmom 0.037722
1 0.037722 o.om_mwn-
1 0.000194 0.000004
_6882 0.000196

_I lllllllllllllll

! 0.019387 0.000380

0.938721 0.038014

0.000194 0.000002

0.019961 _ c 000002 0.000198

cc_wmmu 0.000230
oooowmn oouoqam

m -2.32131 0.383054 | 0.938252 0.022983

0.022983 0.976557

i 0.000195 0.000002

! 0.000002 0.000198

|ttt bt .

1 0.019534 0.000232

_ 1 =0.776726  0.386047 | 0.953396 0.023163

! 0.019619  0.000189
; 0000189 _ 0.019808 |

H 170961901  0.018861

| 0.018861 0980762 |

| -3.800883  1.886081

i 1.886081 —1.923802

' 0.019771  0.000190

| 0000192  0.019808

Hoﬁza 0.019007

L“-@.m._mmm ..........

m —2.288451 1.900707

]

10.019768  0.000038 !

| 0000037 _ 0.01996

10976787  0.003831

10.003677 _ 0.996093 ; _r

10367732 —0.390715 m

1 0.019922  0.000039

| 0000039 _ 0.019961

ﬁ 0.992233  0.003861

i | 0003861  0.996093

| 0386047 0390679 !

H2EQ —

—0.018861
-0.980762

0.023163 0.976559

-0.000097 -0.000002

—0.009694 —0.000190
=0.000190 l_u 009808
~0.969361 —0.019007
-0.019007 -0.980765

359

(7.

(7.253)

(7.254)

(7.255)

(7.256)

7

257)
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-0.000097 -0.000001 —0.000098 -0.000001
=0.000001 -0.000099 —0.000001 -0.000099
v 20.009691 —0.000115 sy _ | ~0.009767 ~0.000116 o
HY™® =| 0000115 —-0009883| i = —0.000116 —0.009883 k7438
20969126 —0.011492 ~0.976698 —0.011581
-0.011492 -0.988279 -0.011581 -0.988280

At time step k = 0, the initial acceleration is

] ot e,

1 1 o]'r2 -1](0] 1 o7'[200 -1007(0 u*c.o&w
u)ﬁfuﬁ@a? ; T L.TTT 1] |-100 100 [lof ~ 10.993f°

At time step t = Ar=0.02 s, the structure will respond in the elastic range. Therefore, using -
F{ and HY{®® from Egs. 7.253 and 7.257, respectively, it follows from Eg. 7.245 that the *

(7.259)

response is
¥ 0 " 0.00085
x 0 : 0.00086
Bk o] B SO | P, _]o.0848
% =Fm o +H{E{ 1(=7.651+0.993) 0.0864 (7.260)
EX -0.993 7.484
i), -0.993 7.647

(Agy)y =X, — X, = 0.00086 —0.00085 = 0.00001 in. (1.261)

Then, at time step ¢ = 2At = 0.04 s, the ground acceleration is ~7.148 in./s. It follows from
Eq. 7.245 that the response is

X 0.00085 0.00395
% 0.00086 . |00
| o] 00848 [ e [1] o e espyo ] 02251 —_—
5 =F}§ 00864 +H{EV] H(-7.148+7.651) 02342 (7.262)
% 7.484 6.550
), 7.647 . 7.127

(Ag 1)z = X35 — X3 = 0.00407 - 0.00395 = 0.00012 in. (7.263)

The calculation process continues, and at time step ¢ = 139Ar = 2.78 s, the 3%&3 is

4.31573
6.62956

X

Xa

0 (7.264)
%, 40.6829

| |-209.989
g

139 ¥

(Ag)izo = Xy1a9 — Xy130 = 6.62956 — 431573 = 2.31383 in. (7.265)

7.3 Multi-Degree of Freedom Response with Nonlinear Stiffuess 361

The ground acceleration’at this time step is 0.0345, and the ground acceleration at the
next time step (i.e., t = 140Ar = 2.80 s) is ~0.017g. It follows from Eq. 7.245 that the
response at the next time step is

x 4.31573 4.64840
* hoonisd LA80T),
M =F» HMMMM + ﬁsﬁ?ﬂ& +13.331) = MMNM (7.266)
3 ~209.989 178424
R —266.822 —287.661
(Aa 1 )hao = X940 — X140 = 7.38777 — 4.64840 = 2.73937 in. (7.267)

At this displacement of x, ;4 = 4.64840 in., Brace 1 yields, and therefore the resulting F{?

and H{f*® matrices become F{” and H{"®, as given in Eqs. 7.254 and 7.257, respectively. :
Now consider the method of using fictitious forces to adjust for the imbalance of

forces as discussed in Example 4 of Section 7.2. The horizontal components of forces in

Braces 1 and 2 at x, ;4o = 4.64840 in. and (A, )4 = 2.73937 in. are

Fyy 140 = (100)(4.5) + (20)(4.64840 — 4.5) = 453,30 kip (7.268)

F, (7.269)

£

~._&u ﬁ%noww mwﬁb?,u_s um_ccxm.qmouququubaﬁu.
Since Fy,140 = 453.30 kip acts only on the lower floor mass whereas F,y 150 = 273.94 kip
acts on both the lower and upper floor masses (i.e., +273.94 kip acting on the upper floor
mass and —273.94 kip acting on the lower floor mass), the brace forces acting on each

degree of freedom are
I -1 _[453.30-273.94) _ (179.36) .
£, _SALA_E +T Fauw = 273.94 =1273.04( P (1:270)

However, from the dynamic equilibrium equation of motion, the horizontal components of
forces in Braces 1 and 2 are

A

R MR A

ﬁmu 140 *2) 140 *2) 140 !

u:ﬁc o.cﬁa:m.ﬁnw%u Lﬁ_ﬁ%iv%_.o c.JﬁT&.qn& . ;
0.0 1.0]|-287.661 [-1 1 [|35.1381] [0.0 1011 (7.271) _

_ [190.90

:Td.ﬁw

and therefore there is an imbalance of forces when Brace 1 yields, and it is

AE, Py R %Eo.gwl 179.36] _ [11.54] 2
A [ T1AP S0 Ba) e 1273.94] T1273.94f T 0.00 P :212)

It follows from Eq. 7,130 that Eq. 7.245 must be modified, and it becomes
Qe =Fq, +H{™ (2, ~a, )+ H{AR, (7.243)

where H{ is given in Eq. 7.173b:
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| . .
- [0.000096 0.000002] [0.000097 0.000002] x 5.89769
~ 10.000002 0.000098 0.000002 0.000098 x 9.07667
o 5 70.000180 0.009694 0.000190 % ~0.1897
jp | 0009619 0000189 | -, 274" ot o= (7.283)
0.000189 0.009808 0.000190 0.009808 %2 T15.1666
| 0.961901 0.018861 0.969361 0.019007 ¥ ~187.981
) 0.018861 0.980762 | 0.019007 0.980765 - Fi)ug 7316059
: o ) (A ras = Xypas = X, 03 = 9.07667~5.89769 = 3.17898 in. :
ﬁ [0.000097 0.000001] 0.000098 0.000001 2-17148 = 2,148 1148 (7.284)
0.000001 0.000099 0.000001 0.000099 At this level of response, the velocity response for both the lower and upper floor masses
b iyt el fhhedhuad 0009767 0.000116 ! becomes negative, which means that the displacement has reached maximum value and
13 S 0.009691 0.000115 . Hp=| . | G..Nqu.u_. thus Brace 1 begins to unload. Therefore, F§)’ and H{®? in Egs. 7.253 and 7.257 will be
u 0.000115 _0.009883 0.000116 0.009883 ; used for the next time step calculation, The ground acceleration at this time step is
0.969126 0.011492 0.976698 0.011581 0.0340g, and the ground acceleration at the next time step (i.e., t = 149A¢ = 2,98 s) is
0:011492 0.988279  0.011581 0.988280 | 0.0771g. It follows from Eq. 7.245 that the response at the next time step is
) e X 5.89769 5.85212
Since Brace 1 yields at time step r = 140Ar = 2.80 s, it follows that H{” in Eq. 7.274 will | . 9.07667 8.71185
be used in Eq. 7.273 to calculate the next time step: ¢4 DO [sbapaa 5 e
. . X R =0.1897 + HUEQ) 1 (29.791~13.138) = —4.3674 i
x, 4.64840 _ 4.91338 % ¥ -15.1666( T BF T 11f @ A38)=1 13154 (7.285) |
%5 7.38777 8.03191 % -187.981 ~229.796
T 146914 1 11.54) | 11.8068 i -316. -298.
u.n_ =F® MM MWWF + uﬁ...m@?lec.q~®+ 6.724) + Iﬂavﬁ 0.00 [ =1 200755 (71.276) *2) a9 316.059 298.816
X3 B i it : e A - =8.71 — 5. 12=2, in.
w_l LIy Iii0088 (g diss = X3 040 — Xy 149 71185-5.852 85973 in . (7.286)
5. Nesa .. |-298.603] - Fyy 149 = (100)(4.5 ~ 5.89769 + 5.85212) + (20)(5.89769 — 4.5) = 473.39 kip  (7.287) |
_ ' : F3140 = (100)(2.85973) = 285.97 kip. ;s !
(Ag-)ier = Xa41 = ¥igar = 8.03191 - 491338 = 3.11853 in. - @a2m) e V J g !
. ; The brace forces acting on each degree of freedom are |
Fyua1 = (100)(4.5) +(20)(4.91338 — 4.5) = 458.27 kip (7.278) ) _
. . £, 1 -1 470.39-285.97| (187.42]
Fiapa1 = (100)(3.11853) = 311.85 kip. (7.279) VN Faae +1 | (Fanes = 285.97 =1285.97[ KiP (7.289)
5 (W 5
The brace forces acting on each degree of freedom are ﬂ: _ [1.0 0.0][-229.796 2 1) 4.3674 1.0 0.00[1 (~29.791)
F 1 -1 458.27-311.85) [146.42 : Fo [ |00 1.0)|-298.816] -1 1 [|-21.3154] "[0.0 101 ’
AV =R W = = kip (7.280) 19 (7.290)
Byl L0 il [ B R 311.85 311.85 _ 187.42
14 - ;
11.8068] [1.0 0.07[1 e _
E®M _ [10 007f-110034] [2 -1][1L _[1o o % 30919 : : :
E®[ T7loo 10]|-298.603f "|-1 1 [|20.2755] [0.0 1.0 1A . . and therefore the imbalance of forces is
"y Geapd); aF, ) [E® £ 187.42) (187.42) (0.00) :
_[146.42 = (=120 “1a T =lzss97f~128597( =100/ ©P (7290 :
i REITEL AFa) F2')us )i . : :
w_ . . X Note from Eq. 7.291 that there is no imbalance of forces during unloading because the
i and therefore the imbalance of forces is change in stiffness from F{" to F{{’ to occurs in different time steps, whereas the change -
i " n = in stiffness from F{ to F{” during loading (see Eqs. 7.266 to 7.272) is within one time step
il; bm..._ = _m.«_: — _..w:y = ﬁhm.pww# #whm.nmw = ,ﬂcccw kip (7.282) from k= 139 to k = 140. Also, note that the maximum displacement of the lower floor mass L
i AF,, Pl |Fa), (311.85] [311.85] |0.00 has reached is 5.89769 in., which means that it will yield negatively when this lower floor
T___ which means that the imbalance of forces has been corrected. mass reaches
{ X, =5.89769 - 2(4.5) = ~3.10231 in. (7.292)

The calculation process continues, and at time step ¢ = 148Ar = 2.96 s, the response is

i




= I — e M W

£y €3

www.icivilir pilrac (uwaigs 9 (leauiiils gols ULy



http://icivil.ir/omran
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Calculation continues using F§ and H{®? in Eq. 7.245 until time step ¢ = 165At =
3.30 s, when the response is : ;

=3.05789
—4.90826

£y
*3
% ~24.7757
X
N

)

ta

e
Vivataurave

TR

=15

(7.293)

Displacement (in.)
(-]

141.529
109.197

L L

% 165
; . (Agoi)iss = Xa065 — X1065 = —4.90826 — (—3.05789) = —1.85037 in. (7.294)

o 5 10 15 20
Time (s)

The ground acceleration at this time step is 0.248g, and the ground acceleration at the next Figure 7.31 Floor Displacement Response

time step (i.e., 1= 166Ar = 3.32 s) is 0.375g. It follows from Eq. 7.245 that the response at

| the next time step is g0
x " T-3.05789 -3.52959 ol T
Xy —4.90826 —5.78253 = Yr
' w\u =F® Unmm:....n___.ww + H—?m@ 1 n~£.§lwu.quv =4 slwm..u..oww 7 Mwmv .r.w u“ I |ib.¢> Foay ...rf._.} E.q_.vn\rcib ) ) ? A o A ) =%
X ¥l-aa7627| Y |1 —42.6641 : i | VYy¥Y << ( ol a4 n . ]
2% e maaa. BEAN echplafiyliy o ;
X, 141.529 96.702 - ok : L Floor . ,
%) 166 109.197 100.665 -60 | :
-80 . . .
(Ayo1)ies = X266 = Xipes = —3.78253 — (—3.52959) = —2.25295 in. (7.296) 0 5 10 15 20

. Time (s)
Since the displacement is x, ;55 = -3.52959 in., which exceeds the yield displacement com-
puted in Eq. 7.292, Brace 1 yields negatively. The resulting F{? and H{®*® matrices
become F{” and H}E? as given in Eqs. 7.254 and 7.257, respectively. The horizontal com-
ponents of forces in Braces 1 and 2 at this time are

Figure 7.32 Floor Velocity Response

7.4 INELASTIC DISPLACEMENT AND FORCE ANALOGY METHOD

Fyy166 = (100)(—4.5) + (20)(=3.52959 + 4.5) = —430.60 kip (7.297) :
: Previous sections of this chapter presented an inelastic structural response method where
_(AE v B ) the stiffness of the structural members is the structural property that changes as a function
Foaes = m.Hn cos mu:um-_ Diss = (100)(=2.25295) = ~225.30 kip. (7298 of time. In this section and the rest of this chapter, a different method is presented, called i
, ) : the force analogy method. This method was first proposed by Professor T, H. Lin. Before
Therefore, the brace forces acting on each degree of freedom are the details of the force analogy method are presented, it is necessary to present the concept
£, 1 -1 —430.60 — (=225.30) -205.30) . of an h.a&h.....ﬁ.ﬁ.n n.ﬂ.n.%h_nnmamzr ._.
i =15 Foet ! Fiaie6 = _225.30 ™1 % 50 kip (7.299) The objective of changing the stiffness in the previous sections of this chapter was to
2 ) 1es ¥ X capture the force in the structure after yielding. Consider the SDOF spring-mass system as !

MA_: L0 0.07(96.702 2 —17(-22.3934 1.0 0.0 shown in Figure 7.33a with the spring force versus deflection curve shown in Figure 7.33b.
,.E Hk_”c 0 1 ou_.rco m@L ITH i ﬁl&w a.mbL I_Ho 0 1.0 TTE&.QQS The force in the spring, F\, for a displacement of the spring greater than the yield dis-
166 : 5 ; 2 . : placement can be expressed as

52
-239.48
- T_.Nm.wL
and therefore the imbalance of forces is

bm_lm,__uih_||mue.b_m|1ucu.mor|ua.5.
*bmu*;,m_ _smn,8|..-u.moemmu.moJo.oo_%.ﬁ.uoc
This imbalance of forces will be adjusted in the next time step.

Calculation continues, and the displacement and velocity responses within a 20-s

period are shown in Figures 7.31 and 7.32.

(7.300)

F,=F +F, (7.302)
where F, represents the yield force due to the elastic portion of the displacement and F,
represents the force due to the displacement after yielding. Let the initial stiffness be

denoted by k, and the post-yield stiffness be denoted by k,. It then follows from Eq. 7.302
that

£y =kox, +kx; (7.303)

where x, is the displacement of the spring at yield and x; is the part of the total spring dis-
placement that occurs after yielding. The total displacement of the spring, x, is
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Figure 7.33 SDOF System with Bilinear Force versus Deflection Curve

x=x, +x (7.304)

and therefore Eq. 7.303 becomes
F, =k, +k(x—x,). (7.305)

Equation 7.305 shows the relationship between the pre- and post-yield stiffness and the -
force in the spring.

In the force analogy method, the inelastic structural response focuses on a change in
displacement, not stiffness, to give the same level of force. As shown in Figure 7.33b, the
elastic diplacement, x’, is calculated by extending the initial stiffness line (i.e., OA) until
it equals the force in the spring F, at the total displacement x. This point is denoted as B
At this force level, the total displacement is x, and the difference between the total dis-
placement and the elastic displacement is called the inelastic displacement, denoted by x": .

x=x"+x". : (7.306)
The force in the spring at the displacement x is given by the equation :
F, =kx". (7.307)
Solving for x” in Eq. 7.306 and substituting the result into Eq. 7.307 gives _
F, =k, (x—-x"). _ (7.308)

Equation 7.308 shows the effect that a change in the displacement of the system (i.e., x)
has on the force level. The elastic displacement is not a constant and it changes as the force
changes, and the elastic displacement is not equal to the yield displacement, that is,

X #x, (7.309)

The basic concept of the force analogy method is to replace the inelastic displacement,
x", by a fictitious force (i.e., a force is an analogy to the inelastic displacement). In the:
SDOF spring-mass system, assume that an unknown force is applied and the resulting total
displacement is x. The objective is to calculate the spring force, F,, and the inelastic dis-
placement, x”. Equation 7.308 gives one equation for solving for the two unknowns.

Another equation is provided by the force deflection relationship described in Figure
7.33b, and based on this relationship both the yield force F, and the yield displacement x,

are known. mn._:mmca 7.308 can be rewritten as
F +kx"=kx w (7.310)

with the unknowns F, and x” on the left-hand side. To solve Eq. 7.310, the total displace- -
ment level is compared with the yield displacement. If the total displacement is less than

7.4 Inelastic Displacement and Force Analogy Metind 367

the yield displacement, then the response will be elastic (i.e., no inelastic displacement and
x” = 0). Then it follows that the spring force is obtained from Eq. 7.310, where

F,=kx, x"=0. (731D

If the total displacement is greater than the yield displacement, then F, in Eq. 7.310
becomes

F,=F, +k(x-x,). . (1312)
Substituting Eq. 7.312 into Eq. 7.310 gives
F,+k(x—x,)+kx"=kzx. (7.313)
Rearranging terms in Eq. 7.313 and solving for x” gives

x,.uksmﬁwuﬁhu?linhrlﬂmpui;ﬁlﬁur fﬁwu (7.314)

e ¢ € '3

Recall from Figure 7.33b that F, /k, = x,; it follows from Eq. 7.314 that

v [k =k, k -k, k, —k, k,
g Tl:iTl (o) o

' e '

In summary, the results are

0 x<x k.x xsx

(-k/k)x-x) x5, B=\E+k(x-x) x>x. 310

x¥=

Note that the derivation of the force analogy method made no assumption as to whether
the bilinear model is of strain-hardening type, elastic—plastic type, or strain-softening type.
Thus, this method can be applied to any type of spring-hardening model.

In addition, note that in Eq. 7.135, (x —x,) = x,, which is the displacement after yield-
ing. Thus it follows from Eq. 7.315 that

M..\H T .. Mkwk_.. Q.w_,:
€

Equation 7.317 and Figure 7.34 show that the inelastic displacement is always less than the
displacement after yielding for a spring with strain hardening. When the spring is of the
strain-softening type (i.e., k, < 0), then Eq. 7.317 and Figure 7.34 show that the inelastic dis-
placement is always greater than the displacement after yielding. Finally, for an elastic—plas-
tic spring, k, = 0, and therefore the inelastic displacement is equal to the displacement after
yielding (i.e., x” = x,) (see Figure 7.34).

The inelastic displacement represents the inelasticity of the structure. This is because
the inelastic displacement remains in the spring when the force F, is removed from the
spring-mass system. As shown in Figure 7.35, when the force F, is unloaded from the dis-
placement x (i.e., at point C), the path of the unloading follows line CD and the slope is
equal to the initial stiffness k,. When the force F, is completely removed (i.e., at point D),
the residual displacement is equal to inelastic displacement;

X" =x—x'. (7.318)
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4 500 + B v Fi(0)
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Figure 7.34 Comparison between Displacement after Yielding and Inelastic Displacement
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Figure 7.35 Path of Force Deflection Curve

_ H,M.Wm Bilinear Spring-Mass System
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HM% Trilinear Force-Deflection Relationship

A powerful approach that structural engineers often use in modeling a multilinear forc~
versus deflection curve is to combine many bilinear force versus deflection relationships.
In this example, two bilinear force versus deflection relationships are combined to form a
trilinear force versus deflection curve. Consider the spring-mass system shown in Figure
7.36, where two springs with different stiffnesses, denoted k, and k,, are attached to the
mass.

) The force versus deflection relationships for Spring 1 and Spring 2 are shown in
Figures 7.37a and 7.37b, respectively. The yield displacement for Spring 1 is assumed to
be greater than Spring 2. Because the two springs are in parallel, a displacement of x

ky F—x0)

Consider a bilinear spring-mass system shown in Figure _.me. which has the stiffness prop-
erties

k,=500k/in, & =100k/in, x,=1.0in.

(7.319)
At a total displacement of x = 0.5 in,, it follows from Eq. 7.316 that
x"=0in.

(7.320)

F, = k_x=(500)(0.5) = Mu..u kip. (7.321) :

Similarly, at a total displacement of x = 3.0 in., it follows from Eq. 7.316 that

_%..u.eurﬁv?uiu T:%waburs =24 in. (1.322)

F, = F, +k,(x— x,) = (500)(1.0) + (100)(3.0 - 1.0) = 700 kip. (7.323)

m
k2 L2 )
Y 7777 Figure 7.36 SDOF System with Two Springs
£y
Ik,
T._v___ 11
(@) ..
B (1)
/4
Fal)
h
Fn ~kn
(®)
- Spring #2 _
X2 »x(0)
E®
F -
F otz ke
(c) :
Kyt _mvdum #1 + Spring #2 —
Xy2 Xyl (1)

Figure 7.37 Trilinear Force-Deflection Relationship
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